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ABSTRACT

M. Th. wvan Genuchten and W. J. Alves. 1982. Analytical
Solutions of the One-Dimensional Convective-Dispersive Solute
Transpert Equation. U.S5. Department of Agriculture, Technical
Bulletin No. 1661, 151 p.

This compendium lists available mathematical models and
assoclated computer programs for solution of the one—dimen-
sional convective-dispersive solute transport equation. The
governing transport equations include terms accounting for
convection, diffusion and dispersion, and linear equilibricvm
adsorption. In some cases, the effects of zero-order produc-—
tion and first-order decay have also been taken into account.
Numerous analytical solutions of the general transport equation
have been published, both in well-known and widely distributed
journals and in lesser known reports or conference proceed-
ings. This study brings together the most common of these
solutions in one publication.

Somez of the listed solutions have been published previously.
Many others, however, were not available and have been derived
to make the list of solutions more complete. User-oriented
FORTRAN IV computer programs of several analytical solutions
and one numerical solution are given in an appendix. A list of
Laplace transforms used to derive the analytical solutions is
provided also.

Keywords: Salt movement, solute transport models, analytical
solutions, equilibrium adsorption, degradation, con-
vective—dispersive tramsport, Laplace transforms,
boundary conditions, miscible displacement.
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Analytical Solutione of the One-Dimensionai
Convective-Dispersive Solute Transpoit Equation

By M. Th. van Genuchten and W. J. Alves '

1. INTRODUCTION

The rate at which a chemical constituent moves through soil is
determined by several transport mechanisms. These mechanisms
often act simultaneously on the chemical and may include such
processes as convection, diffusion and dispersion, linear equi-
librium adsorption, and zero—order or first—order production
and decay. Because of the many mechanisms affecting solute
transport, a complete sat of analytical solutions shouid be
avallable, not only for prediciting actual solute transport in
the flield but alse for analyzing the transport mechanisms
thomselves, for example, in conjuction with column displacement
experiments.

This publication lists mathematical wodels and several computer
programs for solution of the one-dimensional convective-
dispersive solute transport egquatiomn. Numerous analytical
solutions of this equation have been published in recent years,
both in well-known and widely distributed scientific journals
and in lesser known reports and conference proceedings. This
publication brings together the most common of these solutions
in one publication.

Several of the listed solutions have been published previously.
Many others, however, are new and were derived to make the list
of soclutions more complete. User—oriented FORTRAN IV computer
programs of several analytical sclutions are given in an appen—
dix. All prograws were successfully testsd om an IBM 370/155
computer, Furthermore, results of each program were compared
with results based on a numerical solution of the governing
transport equation; this was done to check the programming
accuracy of each solution. Card-deck copies of all computer
programs, including those listed in appendix B, are available
upon request.

lResearch so0il scientist and research technicianm,
respectively, U,S. Salinity Laboratory, 4500 Glenwood Drive,
Riverside, Calif. 92501.



2.  THE GOVERNING TRANSPORT EQUATION

The partial differential equation describing one-dimensional

chemical transport wunder transient £luid flow conditions is
taken as

3 Jc ] _
7 (8D 3¢ — ae) 5T (8¢ + ps) = pu B¢ + H P8 ~ Y 8 - vy_p [1]

where ¢ 1s the solution concentration (ML 3), & is the adsorbed
concentraction (MM~!), 6 is the volumetric moisture content
(L3L73), b is the dispersion coefficient (LZT"l), q 1s the
volumetric f£lux {LT7!), p is the porcus medium bulk density
{ML™3), x is the distance (L), and t is time (T). The
coefficients Mo and Mg are rate constants for first-order
decay in the 1iquid and solid phases of the soil (T™!). The
coefficients vy  and y_ represent similar rate constants for
zero—-order production %n the two soil phases ML™3T! and T'l,
respectively).

The solution of [}] requires an expression relating the
adsorbed concentration (s} with the solution concentration
(c). Severazl types of models for adsorption or ilon exchange
are available for this purpose, such as equilibrium and non-
equilibrium models. In this study only single-ion equilibrium
transport is considered, and the general adsorption isotherm is
described by a linear (or linearized) equation of the form

k ¢ [2]

where k is an empirical distribution constant (M~1L3),
Substitution of [2] into [1] glves

2 ac _ 3(8Rc) -

B—:E(GD‘—';— qC) 3t 116(:. —YG

where the retardation factor R is given by
R=1 + pk/8,
and with the new rate coefficients u and v given by
u b op.ok/6

Y.t YSQ/B-




When the volumetric moisture coantent and the velumetric Flux
remain constant in time and space (steady-stare flow), the
transport equation reduces to

2
6 ¢ _ ., 8¢ _ ., dc _ .
Da—xz— v —ax R-—-—ac uc Y [?l

where v (=q/8) is the interstitial or pore-water velocity.
Equation [7], or its appropriate simplifications, has found
widespread application in s0il science, chemical and environ-
mental engineering, and water resources. Some of the known
applications include the movement of ammonium or nitrate in
soils (Gardner 1965, Reddy et al. 1978, Misra and Mishra 1977),2
pesticide movement (Kay and Elrick 1967, wvan Genuchten and
Wierenga 1974), the transport of radiocactive waste materials
(Arnett et al, 18976, Duguid and Reeves 1977), the fixation of
certain iron and zinc chelates (Lahav and Hochberg 1975), and
the precipitation and dissolution of gypsum (Kemper et al. 71975,
Glas et al. 1979, Kelsling et al. 7978) or other salts (Melamed
et al. 1877 ). Transport equations similar to [7] have also
been applied to saltwater intrusion problems in coastal aqui-
fers (Shamir and Harleman 1968 ), to thermal and contaminant
pollution of rivers and lakes (Cleary 1871, Thomann 7973, Baron
and Wajec 1976 , DiToro 18974), and to convective heat transfer
problems in general {(Lykov and Mikhailov 1867, Carslaw and
Jaeger( 1959 ).

3. INITIAL AND BOUNDARY CONDITIONS

This compendium gives analytical solutiouns of [7] subject to
various initial and boundary conditions. The general initial
condition is

c(x,0) = £(x) (t = Q) (8}

where [(x) can take on several forms: a constant value with
distance, an exponentially increasing or decreasing function
with x, or a steady-state type distribution for production or
decay. Two different boundary conditions can be applied at x

= 0: a first— or concentration-type boundary condition of the
form

c(0,t) = g(t) (x = 0) [9a]

or a third- or flux-type boundary condition of the form

2The year in italic, when it follows the author's nanme,
refers to Literature Cited, p. 98.



gC _
=D 5;-+ ve = v g(t) (x = 0) [9b]

where g{(t) also cazn take on several distributions, such as a
constant value in time {(continuous feed solution), a pulse-type
distribution, or an exponentially increasing or decreasing
function with time. Note that [9b] does lead to conservation
of wmass inside a soll column, whereas [9a] may lead to mass
balance errors when applied to displacement experiments in
which the tracer solutfon is Injected at a prescribed rate.
These errors can become significant for relatively large valuses
of the ratio (b/v).

For the lower boundary, the following condition can be applied

[10a]

This condition assumes the presence of a seml-infirnite soil
column, When analytical solutions based on this boundary
condition are uged to calculate effluent curves from finite
columns, some errors may be introduced. An alternative
boundary condition, one that 1s used frequently for dis-
placement studiea, is that of a zero concentration gradient at
the lower end of the column:

ac

o () = 0 [10b]

where L is the column length. This conditiom, which leads to a
conptinuous concentration diefribution at x=L, has been discusg—
ged extensively din the literature (Wehner and Wilhelm 19856,
Pearson 1952, vasu Genuchten and Wierenga 1974, Bear 1979). 1In
our opinion, no clsar evidence exists that [10b] leads to a
better description of the physical processes at and arcund x=L
than {10al. Moreover, boundary conditicn [9b] does lead to a
discentiouvous concentration distribution at the column entrance
(x=0) and, as such, =seems to contradict the requirement of
having to have & continuous distribution at x=IL.

In this study, we pregent analytical solutions for both lower
houndary conditions ([10a] and [10Db]). Because of the
relatively small Iinfluence of the imposed mathematical boundary
conditions, the anaiytical solutions for a semi-infinite system
should provide close approximations for analytical solutions
that are applicable to a physically weil-defined finite system,
especially for laboratory soil columns that are not too
short.




Boundary condition [10a)] cannot be applied to Eq. [7] for the
particular case when g =0 and vy > 0. The lower boundary con-
dition for a semi-infinite system that is subject to zero-order
production only {(no first-order decay) is

%&-(M,t) = finite. : [10c]

Table 1 summarizes the various mathematical models for which
analytical solutions are given in the next section. The gov-
erning equations and asscciated initial and boundary conditions
are grouped intc three categories: Category A, where the gov—
erning transport equation has no production and decay terms
{y = p= 0); category B, for zero—order production only
(y #0; p= 0); and category C, for simultaneous zero-order
production and first—order decay (y # 0, p # 0). ¥o special
category is given for those models in which the transport equa—
tion has only a first-order decay term (y = 0; p # 0). The
analytical solutions for these cases follow jmmediately from
those of category C by simply putting y = 0 in the variocus
expressions. A similar reduction from category C to category
B, by assuming p = 0, is mathematically not possible because of
divisions by zero.

Table l.--Summary of mathematical models for which analytical
solutions are given

Governing Equation

va_c
Bt 2 Bx

Upper boundary
condition

Initial condition Lower boundary
Case £(x)! Type 2 g(t)?3 condition*
Al C,_f 1 Co (pulse)5 Semi-infinite,
a2 ~~dg-- 3 -~do~— —~do~~
A3 -—do—-— H --do—— Finite.
a4 ~—do-- 3 ~~do=- -~dom-

C (0 < x < x,)

1 ——-do=-— -

AS {CZ (x > %) 1 1 do Semi-infinite.
A6 —-do-- 3 ~~do—- ~~do-~

See footnotes at end of table.




Table l.-~Summary of mathematical models for which analytical
solutions are given——Continued

Governing Equation

8%c _ , de
ax

Upper boundary
condition

Initial condition Lower boundary
f(x)?! Type2 g(t)3 condition™

C, + ¢, e XX C, (pulse)’ ~~do~-
—=do=- -=do-- At ~=do--
Cy C_+C e Semi-infinite,
_ a b
~do—-- —~do=- -=do~—
-—do-- —-~do~- Finite.

~=~do-- ~-do-~ ~—do~—

Governing Equation

ge _
R-é-i-:-_

Semi-inifite,
_-_do..._.
~-—do-- Finite.
~=do=~ ——do—--
C, (pulse) Semi—-infinite.
~—do—- -—do——
~—do— Finite.
Semi-infinite.
_—.do...-.
Finite.
"'_dD""
Semi-infinite.
...—do_.-..
Finite.
-_.—d o-—

W W b= 0 W b W b D L0 )

See footnotes at end of table.




Table l.——Summary of mathematical models for which analytical
solutions are given—-Continued

Governing Equation

Upper boundary
condition

Initial Condition Lower boundary
Case £(x)1 Type? g(t)? condition®

Cl NAS
c2 —=do——
c3 —mdo
ch —do--
cs 4
c6 -~do~-—
c7 ~~do-—
c8 —wdo=~
c9 ST-5T7
CLO ~—do--
Cll ~—do—-
cl2 -—da--
c13 o
Cl4 ——do—
Cl5 ~~do—--
ci6 -—~do——

Semi—-infinite.
.._.do.__.
Finite.

_._.d [

Semi—~-infinite.
_._do_....
Finite.

Semi-infinite.
Finite.

Semi—-infinite.
-"dO"_
Finite.
..._do__

1
3
1
3
i
3
1
3
1
3
1
3
1
3
1
3

If(x) in equation [8].

21" for a first-type boundary condition (equation [%9al);
'3' for a third—-type boundary condition (equation [9b]).

3g{t) in Eq. [9a) or [9bl.

Ygquation [10a} or {10c) for a semi-infinite system;
equation [10b] for a finite system,

Sindicates a pulse-type application:

c (0 <ttt}
O O

glt) = {0 (£ > )

6Not applicable; steady-state solution.
7$teady-state type initial discribution.




4. LIST OF ANALYTICAL SOLUTIONS

This section presents analytical solutions of [7], with or
without the two rate terms, subject to the initial and boundary
conditions summarized in table 1. Several of the listed solu—
tions have been published previously. Others, however, were
not avallable and have been derived to make the list as com—
plete as possible. Laplace transform techniques were generally
used to derive those new solutions that are applicable to a
semi—~infinite system (boundary conditions [10a]l or {10c]).
Appendix A 1lists useful Laplace transforms, many of them
unpublished.

Inspection of the various analytical solutions shows that all
solutions for a finite system, that is, those based omn boundary
condition [10b], are inm the form of infinite series. These
serles solutions converge slowly for relatively large values of
the dimensionless group

P = vL/D f11}

where P 1s often referred to as the column Peclet number.
Using Laplace transform techniques in a similar way as shown by
Brenner (1962 ), approximate solutions were derived that provide
accurate amswers for the larger P-values. The suggested range
of application of the approximate sclutions is

vl vt

T s+ 40 XL B> 5+ 40 T/R) (12a]
or

"—{‘J > 100 (P > 100) [12D)

whichever condition is met first. The dimensionless variable T
in [12a], called the number of pore volumes when used in con-
Junction with column displacement studies, is given by

T = vt/L. f13)

Conditions [12a] and [12b] were obtained empirically by com—
paring numerous results based on series and approximate solu-
tiomns, When the conditions are satisfied, an accuracy of at
least four significant places will be obtained with the
approximate solutions. When condition [12a] or [12b] 1is not
satisfied, we recommend that the series solutions be used. In
that case, only about 4 to 10 terms of the series are needed to
assure a similar accuracy of four significant digits.




A. Solutions for No

Production or Decay

Al. Governing
Equation

R 2. p 3¢

ac g
at 2 ox
x

Initial and Boundary Conditions

c{x,0) = ¢
Co 0< ¢t <« to
c(0,t) =
0 t >t
o
3¢ _
a_x( st)_o

Analytical Solution (Lapidus and Amundson 1992, Ogata and Banks

1967)

Ci + (c0 - Ci) Alx,t) 0 <t g t,
c{x,t) =

c, + (c0 - Ci) A(x,t) - Co A(x,t-to) t >t

i o

where

[

Alx,t) = l-erfc 35—:—%; +-% exp{vx/D) erfc-EE;tmgg
2(DRt)'2 2(DRt}’2



2
A2. Governing g: = D-g—% - v-%%
Equation %

Initial and Boundary Conditions

el(x,0) = Cy

(-D %§-+ ve) ={ °
x=0 )

ac _
% (t) =0

Analytical Solution (Mason and Weaver 924, lLindstrom et al.
1967, Gershon and Nir 1969).

¢ + (co - C;) Alx,t)
c{x,t) =

Ci + (C0 - Ci) Alx,t) - Co A(x,t—to)

where

yb
1

A(K,t) = oo erfc -
[Z(DRt)/ZJ

__L(1+VK

VK Bx 4+ vt
2 J))

2
+—V—£) exp{vx/D) erfe{~——ryr
DR 2(DRt)/2



http:Equati.on

ac azc
A3, Governing R_gf T
Equation ax

T
ax

It
=

Initial and Boundary Conditions

c{x,0) = Cy

C0 Q0 <t < t0
c(0,t) =

0 t >t

gc _
% (L,t) =0

Analytical Selution (Cleary and Adrian 1973 ).

c, + (Co - Ci) A(x,t) 0< <t
c{x,t) =
Ci + (co - ci) Alx,t) - (:0 A(x,t—to) t > t,
where
2
B X 2 8Dt
. m vK vt m
o 2By 830Gy exblyp = gpp = 7
A(x,t) = 1 - } 5
m=1 2 vL vL
[Bm + Gfﬁ) +-§5]

and where the eigenvalues Bm are the positive roots of the
equation

vL _

8, cot(B ) + 55 =0

11




Approximate Solution

1 RX - wt 1 Rx + vt
A(x,t) = = erfc + — exp(vx/D)} erfc —17
2 [Z(DRt}TZ:] 2 [Z(DRt )/2]

v(2L - x) 2

1 v L -
+3 (2 + 5 + gl exp(vL/D) erfc

1
2{DRt)

2 )

2
vt vL R vt
g’ e*plg - E2lex + =) ]

- ( D~ 4pt R




A,

Governing
Equation

2
[+] 4] 3 c ac
R.—.—:D -y —

at ax2 3x

Initial and Boundary Conditions

c(x,0) = Ci

ac
-p = +
(-D % ve)

) {VCO 0<t <t
x=0 G £Vt

3¢ (L,t) = O

ax

Analytical Solution (Brenner 1962, see also Bastian and

Lapidus 1956).

¢y + {CO - Ci) A(x,t) 0<t<t,
el{x,t) -t
Ci + (Co - Ci) A(x,t) - Co A(x,t-to) £t > t,
where
Al{x,t) =
2
8-Dt
5 B x yx _ v t o
L -z v, Bt explis - gpg T T2
L ° —3 [ﬁ cos(-w) *+ 35 sin{— )1 2D 4R 20
. 2
ol (82 + G +——113+<>1

and where the eigenvalues Bm are the positive roots of

2
BmD vL
Pa cot(’m) - ;i—‘+'55 =0

13
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Approximate Solution (Brenner 1962)

1/2

2 2
i Rx ~ vt vt {Rx ~ vt)
A{x,t) = = erfc + ( ) exp{- —=o——]
2 [Z(DRt)/z} “DRe

2
1 vX vt Rx + wt
= {1 4+ = + _D_R) exp{vx/D) erfc[—————l—]

2 D 2(DRt )2
4o’ 2 L ¢
v t v vt v R vt
+ (_"_nDR) i1 + TDQL x + —R)} exp{-*D YATS (ZL-x + -~R) ]

2
- 1 IZL_X + 2‘& + "‘!(ZL"X + V_t) I Exp(vL/D) erfc R(ZL x) + vyt
D 2R 4D B 2( DRt)jz




A5. Governing R—-=D—
Equation

Initial and Boundary Conditions

C1 U(x(xl
clx,0) =
C2 X » x1
c 0 <tk ¢t
o 0
c(0,r) = %
0 t>t

o

ac
'a_x (ﬂﬂ,t) = 0

Analytical Soluticn

c(x,t) =
{cz + (cl— Cz) Alx,t) + (CO-— CI) B(x,t) 0<t¢« to
(:2 + (cl— Cz) Alx,t) + (Co— ci) B(x,t) - Co B(x,t-—to) t > to
where
1 -R(x—xl) ~ vt 1 R(x+x1) + vt
A(x,t) =3 erfc 17 +-§ exp(vx/D) erfc 17
2(DRt)'2 2( DRt ) "2

B(x,t) = %- aerfe¢ B—x—-—--jv% +% exp(vx/D) erfe E‘“_—t—%
| 2¢DRt )"2 2(DRt)"2

15




ac azc 3c
A6. Governing R'EE = D-——E TV
Equation ax

Initial and Boundary Conditions

c 0< x<{x

1 1

c{x,0) = {

02 X > x1

vC
(-Dg-;%-l- ve) ={
x={ Q

ac
ax (E) =0

Analytical Solution [see alsc Jost (1952, p. 50) and Lindstroms
and Boersma (7971)]

e(xX,t) =

{Cz + (Ci- C,) Alx,t) + (C,- C) B(x,t) 0<tce

c, + (Ci‘ 02) Alx,t) + (co- cl) B{x,t) - c, B(x,t-to) t t,

wiere

1.
R{x=x_ }-vt 2, 2 2
1 vt vX R vt
A(X9 t) = —2- erfC[ Z(D:t)qz—} + (;Tﬁ) exP[-—D- - m—(x-!-xl + ""'i) ]

1
"-2"'{1'!-

5 + DRI exp(vx/D) erfe

v(x+x1) vzt R(x+x1) + vt
2(1)1?.:)1‘(2

yb ,
) exp[- {RX - ve)©

4DRt ]

2
1 Rx - vt vt
B(x,t) 2 erfc[;(DRg}EJ + (R

1
2 {1 +

VX

Rx + vt
D

2
+-E§§) exp{vx/D) erfe
2(DRt)"2




Governing

2
R.g_g'=n__a; fols2
ox

v dx

Initial and Boundary Conditions

= 3 Tax
c{x,0) Ll + 02 e
C D<egt
o o
c(0,t) = {
0 t >t
o
ac _
ax(w,t) 0

Analytical Solution

c{x,t) =
{Cl + (CO - Cl) Alx,t) + c, B{x,t) 0< t<x t,

(:1 + (.Co - Cl) Alx,t) + Cz B{x,t) -CO A(x,t-to) t > t,
where
Alx,t) = %—erfc BE—:—%§ +-% exp{vx/D) erfec Eﬁ—i—%§}

2(DRt )72 2(DRt)’2
1 ath ave Rx — (v+2¢bh)t
B(x,t) =5 exp( = t— g ax) 4 2 = erfc 1/
2(DRt)’2

exp(xg-+ 2ax) erfc[%x

+ (v+%?D)t]
2(DRt )2

17
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A8 .

Governing
Equation

2
d¢_pde e
ot axz ox

B

Initial and RBoundary Conditions

X - B & 4
c(x,0) Cl + Lz e
vC 0 <t <t
e o 0
("D -'é; + VC) A=
x=0 0 t >t

Q
o] A
ax( b} =0

Analytical Sclution

cl{x,t) =
{ Cl + (CO - CI) A(x,t) + C2 B(x,t)

1

where

gb
Alx,t) ='% erfc[Rx i

2(DRt )2

1
-2—(l+

vx
),

]

B(x,t)

R R

]
2

1

{DRL

2 2

2
vt Rx + vt
+*—D-R~—) exp(vx/D) erfc[———*-l—:l

2

0<te< ¢t
o

c, + (C0 - Cl) A(x,t) + Cy B{x,t) - c0 A(x,t-—to)

4DRt |

2(DRe )72

t

D)t

2
exp(Z Dt 2vt 0 {I -1 erfc[kx (v+2a

2(‘0Rt:)1‘(2

+ (wvt+2aD)t

+ = (1 +-§E) exp(%25 + 2ax) erfc[%x i

—2%5 exp(vx/D) erfc Ex—-i-;"li]

?_(m{t)/2

J

]

>t

4]




AY9. Governing R-%% = D-g—% -v %E
Equation dx ®

Initial and Boundary Conditions

c(x,0) = ¢y

c(0,8) Ca + Cb e

dc Sy
a_x (m’t)— 0

Analytical Solution [see Marino (1974a) for two special cases]

c{x,t) = c:i + (Ca - ci) Alx,t) + Cb B(x,t)

where

A(x,t) —-%-erfc Bx - vt +-%-exp(vx/D) erfec Bx + Vt]
2(DRt)"2 2(DRt)’2

_ =it )1 {(v-y)x Rx — vt
B(x,t) = e = expl ] erfe ——v-—%y
{2 4D [Z(DRt) 2]
+-% exp[S£§%l§] erfc Ei;t_%;
2(DRt )"2
and
%&
y=v (1 - AADR)

2
v
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AlU. CGoverning
Equation

initial and Boundary Conditions

c{x,0) = Ci

(—D-%% +vedl = v(c, + cbe”*t)
o

fnalytical Selution

c{x,t) Ci + (Ca - Ci) Alx,t) + Cb B{x,t)

where
gb

2
1 - VE vt
Ax,t) 7| ¥+ (%) expl~-
(DRE) /Z:I 7R

(Rx - vi)2
4DRE

]

2
% 1+ 3% + VD;} exp(vx/D) erfc‘E£~t—%§
2(DRt)"2

¥ = v {(v=y)x Rx - yt
= g {(vﬁ-y} EXPI 2D ] erfc[m]

v {(viy)x Rx + vyt
+ = exp [~ etfc[“*ﬁ_%ZJ }

2{DRt)

2

v Rx + vt

- 5—— exp{vx/D) erfc —1r
ZADR 2(oRe )2




All,

Governing
Equation

2
Rlc_ang.._c—v..a_c-.
2
ox

ot ax

Initial and Boundary Conditions

c{x,0)

It
(¢}

c{0,t) =

I
(9]
1]
+
j2
1]
I

ac -
™ (L,t) 0

Analytical Solution

c{x,t) = Ci + (Ca - Ci) Alx,t) + Cb B(x,t)

where
AGEE) = 1 - T E(E 0 Iﬁ_ﬁ_aim]
X,t L 5m,x exp 5D I0R LZR
B(x,t) = o AL [BI(x,t) - Bz(x,t)}
lLZR VX
= E(ﬁm:x) -5 exp(i-ﬁ)
Bl(x,t) =1+ 7§ 5 >
o=l { 2 + GE& _ AL RI
Bm 2D D
E(ﬁm’x) [Bm + (’2‘5‘) ] exp[-i-ﬁ + At - -ZI-—)-E - _Z.Z_RI
Bz(x,t) = 3 - >
m=] [ 2 + (EE) _ AL R]
o * (25 )
and
B_x
ng sin( ? )
E(Bm,x) = ;
8+ (4 2y
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The eigenvalues By are the positive roots of

Yo 3_1.: -
Bm COt(Bm) 2D 0

The term B;(x) converges much slower than the other terms ia
the geries solution. This term, however, can be expressed in
an alternative form that is much easier to evaluate:

) explﬁxg%lﬁ] + (%i%) exp[(y+v)§D- ZVL]
B (x) =
! (1 + &3 exp(-yL/D)]

where

1
4NDR., "2

y=v {l - 5 )

v

Approzimate Solution

Alx,t) = erfc[Rx—_v] +% exp(vx/D) erfc[R—xi—YI;]

2(DRt)’2 2(DRt)’2

2
+.% {2 + V(ZE_K) ] exp(vL/D) erfc[h(zL_x) t/Vt]
2(DRt )’2

yé 2
v vL vt
BT nDR) expl—g - 4Dt Zpetilx + ) ]

—At

B(x,t) = e Ba(X,t)fBa(X)

where

o
By(x,t) = 5 exp [———125] erfc 55*——%;
2 | 2(0Re )72

[Rx + yt |
c
_Z(DRt); ]

b o
t)




{y+v)
2{y=v)

+

explt75 7

(empox + 2yLy o [RQLX) 4 yt]
2{DRt)

g
* 730K

exp(% + At} erfe R(2L~x) -E/Vt]
2(DRt }'2

Ba(x) =1 + ({-:-_-VY-) exp(~yL/D)

and

1 /2

éJ\DR)

2
v

y=v {1 -



Governing
Equation

Initial and Boundary Conditions

c(x,0) = Ci

(-D EE-+ ve) = v(Ca + C

ax e
K=}

b
ac
ax (o) = 0

Analytical Solution

ef{x,t) = Ci + (Ca - Ci) Alx,t) + Cb B(x,t)

where

VX

m=]1

B{x,t) = e M IBl(x) - Bz(x,t)]

2
o E(g_,%) 2= exply
Bl(x) =1+ 3 3 3
me1 AR
b

yA vL
Iﬁm + (EBJ

2 vl 2 X
E(ﬁm’x) fﬂm + (55) 1 QKP{§3’+ At -

Bz(x,t) - 7

m=] 2

pA
2 vL ALTR
(82 + GGp) — 5 ]

3)

and

B X g x
2vL n vL m .,
o B [Bm casf: L } + 5 sin( T 3]

E(ﬁ tx) =
o 2 vL 2 vL 2 vL 2
IBm + (53) +'—EI IBm +(§§) ]




The eigenvalues B_ are the positive roots of

5{1211) vL
Po c0tB) ~ L F2p = O

The term B,{(x) coaverges much slower than the other terms in
the series solution. This term, however, can be expressed in
an alternative form that is much easier to evaluate:

Bl(x) = 5 2
ytv  {y-v) _
5 e exp{-yL/D}]
where
h@
y = v (1 mﬂg)
v

Approximate Sglution

1 2, 2 ( )
Ex — vt v t Rx - vt
Alx,t) = = erfe 7|+ (=% expl- —=——1]
2 [;(Dﬁt)kJ DR 4DRt
1 VX vzt Rx + vt
-5 {1 + =i + __IJ_R) exp(vx/D) erfec =1
2(DRe }'2
4ot 72 L R 2
vt v vt v vt
+ (nDR Jo[i+ TD(ZL—X + -—R)] exp[—D - —-—4Dt(2L x + —-—R) i
v vt v vt 2 R{2L-x} + vt
- = [2L~x + == + -—(2L-x + —} ] exp(vL/D) erfc -
b R 4D R Z(DRt)/—z

B(x,t) = e B, (x,£)/B, (%)

where

Ba{x,t) = (——) exp[LEZXlE] erfe BEH:~%§
3 vty 2D 2(DRt ) )

25




v (v+y)x [Rx + yt |
+ (—) expi— rfcl—11
(v-}' P79 be 2(DRt)/2

[Rx + vt |

vx
exp{—= + it) erfc — T
D | 2(DRt )’

v
2ADR

2 P 2
v v(2L~x) vt - v vL R{2L-x) + vt
- [ + + 3 ~ —=] exp(— + At) erfc[ T ]
ZADR D DR %OR D 2(DREV2

1/2 2

hd (—t-—) exp[% + At - w-Et—(‘ZI..-:q: +3%) ]

M ADR " aDR 4Dt

- - " - — gt ]
v(y v; exp[(vﬂ-y):;D ZyL] orfe R{2L-x) lyt

(y+v) L 2('133:)/2 i

+

_ v{y+v) exp[(v-y)x + 2y1..1 erfe -R(ZL—x) + yt-
2D

(y-v) e uDRt)ljz -

-v)*
Ba(x) =1 -V oxp(-yL/D)

(y+v)?




B. Sclutions for Zero-
order Production Only

Bl. Governing 2
Equation D E—% - v-g% +y =20
{Steady-state) dx

Boundary Conditions

c(D) = C0
dc _ e
E;-(w) = finite

Analytical Solution

e(x) = ¢ + XX
0 v

27



BZ. Governing 2
Equation D-QHE -V EE—+-Y = {

{Steady-state) de

Boundary Conditions

de

(-D dx

+ v}
x=0

dc
?i; {=) = finite

Analytical Solutiom

v{vx+D)

2
v

c{x) = CO +




B3. Governing
Equation
(Steady-state)

2
d e dc

P " vaxtr=o
dx

Boundary Conditions

c(0) = C0

dc
—;(L)-O

Analytical Solution

smx L2 vX
® 28_sin(——) 1——D exp(55)
e(x) = C_ + ) 5
g v G+ el + O )1

where the elgenvalues B are the positive roots of

Bm co*(ﬂ ) +'§ﬁ'- 0

The series solution converges too slowly to be of much use

nunerically. An alternative and more attractive solution is
given by

clx) = ¢, +'I§ +'§g {exp(- 2%9 - exP[SE:%lzl}

29




B4. Governing
Equation
{Steady-state)

2

d e de _
Pz - Vatrso

dx

Boundary Conditions

de

(-D O

+ ve)
x=0

de
Ix (LY =0

Analytical Solution

R X
in(—{i-n exp(
2 2
2 vL vL 2 vL
(8, + Gp) +-p1 180 + G ]

L

2vL
w (2 ﬁs

e(x}) =C + ¥ D
e m=]

)

YLZ . Bmx
) (*ﬁ—) Bm[Bm COSQ—i—) +

vX
2D

where the eigenvalues By are the positive roots of

2
m vL

By ©OE(By) = ~p + g5 =

0
The series solution converges too slowly to be of much use

numerically. An alternative and more attractive solution is
given by

: D (x-L
e(x) = ¢ +-1§ +-f§-{l - expLE—Eﬁ—lI}




B5.

Governing
Equation

Initial and Boundary Conditioms

e(x,0) = Ci

¢ 0<t<t

o 1)
c{C,t) = {

0 t >t

o

ac
% o,t) finite

Analytical Solution (Carslaw and Jaeger 1959, p. 388)

{Ci + (c0 - ci) A(x,t) + B(x,t)

0 <<t
o

e(x,t) =
ci + (C0 - ci) A(x,t) + B(x,t) - co A(x,t—to) t > t,
where
A(x,t) = %.erfc BE_:_%; +-% exp(vx/D} erfc Rx +
2(DRt)’2 2(DRt)
B(x't) = % £ + S.R%‘.{-t—) erfe E..‘_vr}:—
v 2(DRt )"

- %i_va)_ exp{vx/D) erfe B_x_+_‘.f1§_
v 2(DRt )

2
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36, Governing RS =D2S5- v 4y

3 c
Equation ot ax a2 ax

Initial and Boundary Conditions

c(x,0) = Ci

de
(-D =— + vc) = {
8x x=0 (]

13
X

=, t) = finite

Analytical Solution (van Genuchten 1981)

C1 + ((‘.o - Ci) A(x,t) + B(x,t) 0 <t « to

c{x,t) ={
c, + {C

L o " ci) Alx,t) + B(x,t) - C0 A(x,t-’t.o) t > o

where
1/2

2
i Rx — vt (Bx vt)
Alx,t) =+ erfc + (&5 expl- 2=
2 [Z(DRt)lz_I DR 4DRt

2
-5 (1 + —I-)- + -—-—) exp(vx/D) erfe Rx ¥ Vt/:
2{DRt) 2 (DRE)2

1 DR Rx -~ vt
B(x,t) = Lt + ==(Rx - vt + —) erfc
' R { 2v v 2(DRt)r‘Jz

1 f

t (Rx - vt)?
Ny ~mR )

20R
(Rx + vt + =) expl ZDRt

2
t (Rx + vt) Rx + vt
+ f= - + ] exp(vx/D} erfe|—17
77,2 4DR [2(1)1&)/2] }




B?.

Governing
Equation

Initial and Boundary Conditions

c{x,0) = Ci

c{0,t} =

dc _
5'; (L,t) = {

Analytical Solution

c; + (c0 - Ci) Alx,t) + B{x,t)

c(x,t) ={
Ci + (Co - Ci) A(x,t) + B(x,t) - C, A(x,t—to) t>t
where
A(X t) =] - az’ E(B x) GXP[ﬁ - ..Y_Z_t - B;in.i]
* =1 w’ 2D  4DR LZR
B(x,t) = Bl(x) - Bz(x,t)
L;Z VX
w E(Em,x) % exp('ﬁ)“)
B8.(x) = '
l T SN
Bm 2D
E(B_,x) [ - e ﬁ‘imi
w BB T eXPlyp T IR T T2,
B,(x,1) )
w1 (2 + D) |
and

<<t
o

v}
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ﬁmx.
251]1 Bin(—'L—)

E(B,»%) =

2
(g2 + CORERL)

The eigenvalues B are the positive roots of

vL
By cot(Bm) + 55 = 0

The term Bl(x) in this solution converges mich slower than the
other terms. This term, however, can be expressed in an
alternative form that is much easier to evaluate {see case B3):

D L ~1,
Bl(x) =1§+? {exp(- "_D) - exp [(x D)v”

Approximate Solution:

A(x,t) = -%- erfe Rx — ¥t 14 % exp(vx/D} erfec Rk ¥ vt
2(DRt) 2 2(bRt "2

2
1 v{2L-x} vt R{2L-x)} + vt
+ = [2 + + ] exp(vL/D) erfc[ ]
2 D DR Z(DRt;ﬁ
1/2
R

2
vt vL vt
GEBE) expl D~ %pt (2L=x + R) 1

R 2v

= l {t -+ M erfc[u]

Z(DRt)/2

- —(‘R%ﬂ exp(vx/D) erfc Rx + vt
v 2(DRt)’2

Y

2

t 2DR vL R vt
+ (mszR) {R(2L-x) + vt +_"V 1 exp[-—D _'_—41)1;(21‘_1‘ + R)j




. 4 VR(2L-x)-DR (2L-x) + vt]

z
R vt vL R
+ 75 {(2L~x + —-E) 1 exp(-—-ﬁ) erfc[

-
2 2(DRe) 2
DR v{x=L} R(ZL~x) - vt
- — exp{———=] erfc[ ] }
2v2 D Z(DRt)llz
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B8,

Governing
Equations

2
3C _ , 9 ¢ _  2c
R =D " vty
oK

Inirial and Boundary Conditions

c{x,0) = Li

C 0<{t«gt

3c o D

(-D ~ + ve)
0 t > to

x=0
ac -
5; (L,t) = 0

Analytical Solution

Ci + (CO - Ci) aAlx,t) + B(x,t)
c{x,t)

L, o+ (c0 - Ci) A{x,t) + B(x,t) - Co A(x,t~t0) t >t

i

where

vxX
2D

ACx,t) = 1 =} E(B_.x) expl
1

m=

B{x,t) = Blix) - Bz(x,t)

2
- IL vX
E(B,,x) “5~ explap)

2
(B2 + 35y )

B {x) =
1 m=1

¥t

0<tx t,

[+




and

B B X
B b cnSD 4 % andsh
2 2

2 vL vL 2 vL

[ﬁm + (ﬁ) +_D] [Bm + (ﬁ) 1

E(Bm,x) =

The eigenvalues Bpn are the positive roots of

2
mD vL
Py c0tlBy) ~ ST * 357 O

The term B;(x), which also appears in the steady-state solution
{case B4), converges much slower than the other terms in the
series solution. This term, however, can be expressed im an
alternative form that is much easier to evaluate:

B (x) = X2 4 XD ) - axpixy)

“Mfe
o

Approximate Solution

2 1/2 2
Alx,t) = = erfe > _ AKX - VL)
2 2(orey2| R ADRt
1 vX vzt: Rx + vt
-5 (1 + =5t —-]-ﬂ) exp(vx/D) erfc ——7
2(DRt)"?
a2 72 L R z
vt v vt v vt

2
-2 {2L—x + 1‘53:— + —E(ZL-—x + V_t) i exp(vL/D)} erfec R(2L~x) +1 vt
b 2R 4D R 2(DRt)/2
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Sx e+ tere - ve ¢ DBy epso[REDVE
B(x,t) R{: + 2w(Rx vt + v) erfc[Z(DRt)lz

Y
2 -
_ t 2DR _ (BRx vt)

(g (Rx * ve +757) expl Re

2
R, (Rx + vt) Rx + vt
+ _ ] exp(vx/D) erfe|——m17

{x~-L) R{2L-x) - vt
xp[l——] erfc[ ]
D 2(DRt )2

vt

=)

2 :
S Y)Y oLex + 25 (2L-x +
2D 2 R

3 3 -
+ 2 (2L—=x + %) ] exp(vL/D) ie‘rfcl:R(?‘L %) 3 Vt}

3

6D /2

2{DRt)

2 2
R v ?vt v vt
= o {7l gy (2Lmx + ) + 5 (2Lex v ) ]

6D
1/2 2
(%.ti.) exp [-Y-% QDtch-x + —"-) l }




Bgl

Governing
Equation

2
oc d'c dec
R_=D'_"—"'V_+'Y
at axZ ox

Initial and Boundary Conditions

= xx
c{x,0) Ci + -

C D<tcgt
s} 0

c(0,t) = i

0 t>t
o

gc =
o {(w,t) finite

Analytical Solution (Carslaw and Jaeger 1959, p. 388)

XX -
¢, +-5 T (€, - ¢ alx,t) 0<t<t

c(x,t) =

Xx - - -

C; +-5 (€, =€) Ax,t) C, Alx,t—t )t > £,
where
1 Bx — vt 1 BRx + vt |
A{x,t) =3 erfc-——-‘~§5 +-§ exp(vx/D) erfc-—r-——qa
2(DRt) 2{DRt)

Comment : Note that the initial condition is of the same form

as the steady-state solution for the same boundary conditions

{case Bl).

a9



Bl0. Governing
Zquation

Initial and Boundary Conditions

cl{x,0) = Ci + ISXEEEl

v

{-D §5-+ ve) =

ox x=0

{VC 0D<t<¢t
o o

0 t >t
0

2

o {(o,t) = finite

Analytical Solution

. y(vx+D) -
(‘i + vz + ((:0 Ci) Alx,t) 0 <t « to

y{vx+D) = - -
ci + 7 + (Co Ci) A(x,t) Co Alx,t to) t > £,

h&

2
v
+ (?D'R") expl

{Rx ~ vt)2

4DRL }

2
1 vk vV t Rx + vt
5 (I +—= + —3) exp{vx/D} erfc|—7x;
2 b DR 2(DRt )2

Comment: Note that the initial comdivion is of the game form
as the steady-state sclution for the same boundary conditions
{case B2).




Bll.

Governing
Equation

2

e _n0c  _ BC

R at D 2 M ox
ox

+ oy

Initial Condition

m

e(x,0) A(x)

D L -1
- c, +-l§ +-§§ {exp(—-fﬁ) _ exp[v(g )]}

Note that the initial coundition 1is of the same form as the

steady-state solution for the same boundary conditions (case
53) -

Boundary Conditions

C 0<t¢gt
o o]
c{0,t) = {

0 t >t
0

Bc
o (L,t) 0
Analytical Solution

A(x) + (co - ci) B(x,t) 0 <t « t,
c(x,t) =

A(x) + (CO - Ci) B(x,t) - C, B(x,t—to) t > t,

where A(x) is exactly the same as the initial condition, and
where

Bmx vX Vzt ﬁmD'C
2 p, sin() explzp - 45 ~ 277

B(x,t) =1 - E

o 2
w=1 (82 + G + 3]

The eigenvalues B are the positive roots of the equation

vL
B cot(ﬁm) o5 = 0

41




Approximate Solution

)3 Bx - vt 1 Rx + vt
A(x,t) = = erfc + 5 exp(vx/D) erfe|——
2 [Z(DRt);z:l 2 [2(Dis‘.t)/2]

2 P—
+% [z + V(ZII; x) + let{] exp(vL/D) erfc[R(ZL x) *+ vt]

2(DR|:)1/2

AL
D 4Dt

2
(2L-x + EIF{.) ]




Bli.

Governing
Eguation

Initial Conditicon

e{x,0) = a(x)

x D v{x-L)
= C; +%—~+J‘:-§ {1~ exp[—ﬁ——]}

Note that the initial condition is of the same form as the

steady-state solution for the same boundary conditions (case
B4).

Boundary Conditions

8¢
Ox

x=0

(~D

c g<t«xg ¢t
o o
+ ve) {

§ Lot
]

ac =
% {L,t) = 0

Analytical Solution

A(x) + (CO - Ci) 8{x, ) 0<t ¢ e
c{x,t) =

CA(x) + (C_ - C.) B(x,t) - C_ B(x,t-t ) Lt >t
4] 1 0 o Q

where A(x) is exactly the same as the initial condition, and
where

B{x,t) =
x B_x 2 BZDC
2vL mn vL @ VK v E 1n
—_y 4+ 2= gipn{—— i L A
. 5o B By cos(o) + o5 sin(=) ] exploy = yhy LzR]
1 - 3 5 .
m=1 vL

. 2
(82 + G + 5 el + Gp)

the eigenvalues §; are the positive roots of
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2
B D
m vL
Bm Cot(ﬂm) = A +-ﬁ 0

Approximate Solution

Y.

2

2 (Bx - vt)2]
4DRE

15|+ Gor?  exel-

B(x,t) =-% erfc[Rx A B o
{2(DRt)

2

v t Rx + vt
+ 0 exp(vx/D) erfo|RE L IE

oR [2(91&)/2]

+‘X—D(2L-K +-Y-%)] exp [ ‘{}_D-_t-(ZL X +_) ]

2
- 5 l21-x + 3“ + 502l + ) ] exp(vL/D) erfc[R(ZL““) + vtl

Z(DRt)l/z J




Bl13. Governing
Equation

Initial and Boundary Conditions

cl(x,0) Ci

c{0,t)

ac

e o, t) = finite

Analytical Solution

clx,t) C, + (Ca - Ci) Alx,t) + Cb B(x,t) + E(x,t)

= -% erfc[ix-;-fr}iz] +-12- exp(vx/D) erfc[u}
2(DRt

g AL {? exp[-gu-y—)il erfc[————%:l

2(DRt)’2

Z(DRt)

Y} ¢ (Bxove) o GRx - vt
R{ 2v 2(DRt;&

- _(_R_:;ivﬁ)_ exp{vx/D) erfc &i—‘—}}
v 2(DRe)’2

+- epr~ijl§] erchéLj;gv] }
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Bla,

Governing
Equation

Initial and Boundary Conditions

c{x,0) = ¢

i
(D LS+ ve)| = v(c +c oMy
b a b
=0
dc -
P (=,t) finite

Analytical Solution

cl{x,t) = Ci + (Ca - Ci) Alx,t) + Cb B(x,t) + E(x,t)
where
1

A(x,t) =+ erfe _Rl."_"IE + (E.Z_t)lzexp[_ M.z_]

2 2(DR::)/2 TDR 4DRt

-4 (1 +2X% +-EE£) exp(vx/D) erfe|REXE VE

2 b IR 2(DRe)"2

B(x,t) =

=AL v (v-y)x Rx — yt
e {(wy) e T ]erf"‘[m})%é}

v {vty)x Rx + yt
t o exp[-LX] arfe
(v=y) 2D [2(1)11:) 2:”
- —in— exp{vx/D) erfc fgi;t;%g
2)\DR Z(DRt)/z




E{x,t} = 'Rt {t + —2-‘%—(1!:; - vt + P-%) erfc[u}i]

) 2(DRt)"2
1/ 2
¢ 12 2DR (Rx ~ vt)
- Bl - =
g (Rx vt =) expl okt )
t DR , {Rx + r:)2 Rx + vt
+ [E - + GDRV ] exp(vx/D) erfe
2v 2(DRt)’2
and
1
_ 4\DR, /2
y=v (1 - 5 )

v




gc 32c
B15. Governing R _— =D — -
Ix

Equation st

Initial and Boundary Conditious

c(x,0) = Ci

=it
c(0,t) Ca + Cb e

ac _
ﬁ (L,t) =

Analytical Solution

e(x,t) = c:i + (c‘_i - ci) A(x,t) + c]3 B(x,t) + F(x,t)

VX

=1~ 73 E(Bm,x) exp[2D

m=]
= o At [B, (x) - B, (x,t)]

2
@ E(Bm,x) ikﬁg-exp(%%
Pl(x) =1+ 3 2
m=} 2 vE ALTR
{Bm + (Eﬁi) - “if*-]

)

2
vzt Sth

- —_— ]
4DR LZR

2 vL 2 VX
E(Bm,x) [Bm + (ﬁ) I expli-ﬁ+ At

2 e

0.2 vL
By + G0 "7

]

F(x,t) = Fl(x) - Fz(x,t)




2
= E(Bm’x) LII;— exp(—;-%)
PG = ] 2
m=]
[ﬁ + (-—) ]

E(ﬁ 4X) I—-—— exp[

[[3+( )1

By
2 ﬁm si H(T)
E(p, ) = —
V

[B + (zn) *2p

The eigenvalues B, are the positive roots of
cot(ﬁ ) +-E= 0

The terms B,(x) and Fl(x) converge much slower than the other
terms 1in the geries solution. Both terms, however, can be
expressed 1n alternative forms that are much easier to
evaluate:

( expl—-—ﬁ}-] + (L—) exp[LF )’;;2 L
B,(x) =
1

[+ (Y—_,_-v—) exp(-yL/D)]

where

1
4ADR. 72
y=v (1~ 2)

v

and

Fi(x) = % + -:—12)- [exp(- 3-1'5) - exP[-Y-(—x-;-L—)-l}




spproximate Solution

1 Rx - vt 1 Rx + vt
Alx,t) = — erfe|——1z} + 5 exp(vx/D) erfe|——T7
o0 =g e c[z(mu)&] 2 [Z(DRt)Iz]

2 )
+4 (2 + vilox) ] exp{vL/D) erfc[R(ZL x) t/v':]
z D 2(DRe)'2

1
vzt 2 vL R
- (===) expl

vt 2
7R 5 = Zpecdlx * = 1

B(x,t) = enlt B3(x,t)/34(x)

By(x,t) = 3 exp {-——L)-}—‘-} erfc[——-—y&]

2(DRt )2

2(pRrt )’ 2

-

(y=v) (vHy)x-2yL R(2L-x) — yt
* Ty P | erfc_ 2(DRE)2

(ytv) (v-pdxt2yl, o [RQ2L-x) + yt ]
¥ 2 expl 2D I erfe Z(DRt)ljz ]

2
+ 70R

exP('y'% + At) erfc[Rch—x) L Vt]

2(03:)1/2

Ba(x) =1+ (*;—;-%) exp(—yL/D)

and

_ X (Rx-vt) Rx - vt
F(x,t) R{: + S erfc[z(})m)/2

- {Rxtvt) exp({vx/D) erfc E—-"—Yr}]
v 2(DRt )2




-[t

+

1/ 2
t 2 2DR ;VL _q_R vE
+ (&“DR) [R(ZL“X) + vt + —-—-v expi_'ﬁ = ant(ZL-x + ""'E) ]
2
QLR | Rig 4 Y| expl erfc[‘“ZL“" Vt]
- 2(DRt )2
v 2(DRt )2
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52

Blé. Governing
Equation

2
Bc a v §£_+ y
ax

c
D= N 3K

Bt

Initial and Boundary Conditions

e(x,0) = Ci

(-D §£-+ ve) = v(Ca +C, e

—At)
3x x=0

ac _
'5;; (Lst) =0

Analytical Solution

i

c(x,t) = C, + (CEl - Ci) Alx,t) + Cb B{x,t) + F(x,t)

i
where
A(x,t) = | - E(B »%) exp[——-— TR
ni1 DR 29
B(x,t) = e ** [B,(x) - B,(x,t)]

AL2
o E(B ,x) exp(
Bl(x) =1+ 3

= 2 2
" g+ D) - 33—51
vzt B:ID!Z
E(B %) [B + G—*) ] 9xp[ st A R T
w© DR .2
LR
Bz(x,t) = 3 5 5
=] (62 4 (Y ALTR,
B * Y5 D

F(x,t) = Fl(x) - Fz(x,t)




= E(B_,%) 15— expGi)
F (x) = 3 5
n=1 -2 vL
lﬁm + Gfﬁ) i
2
2 gDt
o B ey - oz -

Fz(x,t) = Z

and

_ B x g x
Ly cosCR) + 3 einCE)

E(ﬁm’x) P 2
Eﬁi + (%%) +-3%1 [Bi + (%%) |

The elgenvalues f are the positive roots of

2

534 vL _
By cotBy) ~ L *5p 7 ©

The terms B;(x) and ¥, {x) converge much slower than the other
terms in the series solution. Both B;(x) and F;(x), however,
can be expressed in alternative forms that are much easier to
evaluate:

exp Y% + (LY

) EXP[SEiZ%%:ZZEI

B (x) = 3
IYZE - 25{;:3) exp(-yL/D)]
where
%@
y=v (1 - QADEJ
W
and
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Approximate Solution

1 Rx 2 & (Rx )2
A(x,t) =5 eric —_—Ef- + (5 exp{- AT
2 [?_(DR!:)/Z] nDR 4DRt

2
- -;— (1 + ED + -Y-—ﬁ%) exp{vx/D) erfc g—x—*i%
2(DRt )2

1/2
4vTr v

I expl

VLR

2
vt

3vt
2R

v
-_5[21.]‘["‘

2
+ T;(?_L-x + %} ] exp(vL/D) erfc[R(ZL—x) + vt]

1
2(DRe} 2

B(x,t) = e M B3(x,t)/34(X)

v {(v-y)x Rx - vt
By(x,t) = (-VT‘_?) exp[-—z%—] erfc[m:l

(=) exp [Q’jg)_x erfc[—X[—Rx * ?jl

vy 2({DRt)"2

2

Rx + vt
- f?ﬁf{- exp(lg— + At) erfe -————qu
2(DRt)

vz [V(ZL—X) + vzt

~ ZADR D DR

2
v viL R
+ 3 —iﬁ-ﬁ} exp(—D + At) erfc[

(2L-x%) + vt]
2(DRt)"2

v3 t 1/2 vL R vt
IR (ﬁ) exp[-—D- + ht - Z-b—t"(ZL—x +-—R) ]

+ viy—v) exp[(wy%g_zyi'] erfe R(2L~x) "l/.Vt
(y+v) 2(DRt )2

+v —y)xt2yL [ R(2L-x) + yt]
2(pRe)’2 |

(y~v)




B, (x) =1~ LL—-)— exp(~yL/D)

(y+'v)
and
1 DR Ex — vt
F(x,t) = Yl 4+ —=(Rx - vt + —) erfe
R{ 2v v [Z(DRt)/z]
- (= )llzcax bve + BBy o (B = ve))
4R v v < E¥P 4DRE

2
t _ DR (Rx + vt) o + vt
th 7 ¥ 4DR ] exp(vx/D) erfcl:z(DRt)lz]

R v(x-L) R(2L-x) - vt
- exp[— ] erfcl: ]
’ b 2(1)11t)f2

2
v(2L-x) + Y (IL-x + v—t-)(zL_ . 3vt)
2v 2D 2 R ===

3 3
+ —-Y-3—(2L""![ + —‘L%) ] exp{vL/D) erfc[R(ZL_x) +/vg_-]
2(DRt)’2

7vt

v2 2
. _v_ vt
v ) + 2(21" R) ]

(-1 +2—;(2L-x +
6D

D 72 vL R vt 2
(}—R) expl— - zp(2Ll=x + )
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C. Sclutions for Simultaneous Zero-
order Production and First-order Decay

2
de _
Cl. Governing D-—— - v ax ke +y =10

Equation dx
(Steady—-state)
Boundary Conditions

c(0) = C0
dc
e (=) =0

Analytical Solution

c(x) = ﬁ*’ (Co - -;E) exp[(l—f%z-}-‘-]




C2. Governing
Equation
{Steady-state)

2

d ¢ dc _
D—-—-—z v—-—dx p,c-l'y-—O

dx

Boundary Conditions

(—DA%£ + ve) = v(C
x o
%x=0

dc
dx (=) o

Analytical Solution (Gershon and Nir 1969 )

.Y _ 2v (v-u)x
c(x) ll+(C0 lu) u_Wexp[ 7D ]

where

yb
u=v (1 +-£§2)
v
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C3. Governing
Equation
(Steady—state)

dc

H'i},C“"T-_'O

Boundary Conditions

c{Q) = Co

dc _
E;-(L) =g

Analytical Solution

:IA -l\
af{x) m + (Co H) A{x)

where
28 Sin(EEi).&Ei exp(Eﬁ)
m L b 2D
2 2
L,
D

Alx) =1 - }

£ 2
w=1 IBiJr(lz’%) 3 182+ g0+

and where the eigenvalues B, are the positive roots of

L
B cot(B ) + -‘5_5 = 0.

The above series solution converges too slowly to be of much
use numerically. The following equivalent expression for A{x)
is much easier to evaluate

{v-u)x u-v
2D I+ (u+v

{vtulx _ ul
2D D

(1 + QE%%) exp{~ul/D}}

expl } expl ]

A{x) =




C4. Governing
Equation
{Steady-state)

2
de de _
DG - vg wety=0
dx

Boundary Conditions

de

{(-D a + ve) _ = VCO
x=0

de _

x (L} =

Analytical Solution

elx) =X+ (c_-%) A(x)
W o

where
A{x) =
B X BpX
- Ak QEEﬂ) ﬁ [p cos(—) + -g% sin(—)) EXP(2D3
2
m=1

2 vl vL 2 “
(B + (55) +—l B, + G ) ][5 +( ) + 1
and where the elgenvalues P, are the positive roots of

2
By cot(ﬁ ) - +-Z% =0

The above series solution converges too slowly to be of much
use numerically. The following equivalent expression for A(x)
is much easier to use (see also Gershon and Nir 1969)

exp[(v u)x] + (u-v exp [(v+u)x-2uL]
A(x) = 2D
12 - §3E§iv) exp(-uL/D)]
where
1
2
u=v (1 +‘£E%)
v
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2
C5. Governing R-g3 =D ¢y o
) at 2 ox

Equatiocn ox

- upe ty

Initial and Boundary Conditions

e{x,0) =

c{0,t) =

ac (w,£) =

Analytical Solution (van Genuchten 1981; see also Bear 1872, p.
630)

elx,t) =

Y+ (C, ~Y) a(x,t) + (€ - ) B(x,t) D<t<t
5] i u o g o]

X - X - Xy - -
. + ((,i u) Alx,t) + (CO p) B(x,t) c:0 B{x,t co) >t

O
where

1 Rx - vt
Alx,t) = exp{-pt/R) {l - = erfe —17
2 2(DRt)'2

1 Rx + vt
= exp(vx/D} erfe|l———mr7
2 [:).(DR:)/Z} }

'hx - utj

erfe|l—17 /
| 2(DRE)"2]

Em + ut |
|_2(DRt:)/2




C6. Coverning R—-—=D-~—5 - v _— - jpcty
Equation ot axz ox

Initial and Boundary Conditions

vC 0t
{ o o
x=0 0 t>t

o]

c{x,0) = C1

(—D-%% + ve)

oc -
3x (=,t) 0

Analytical Solution (van Genuchten 1981; see also Parilange and
Starr 1978)

clx,t) =

Y - X - X

m + (Cy u) Alx,t) + (C_ u.) B(x,t) 0<e <t
Y 4 - X - X - -

" (¢, u) A(x,t) + (C0 p) B(x,t) C, B(x,t to) t >t

where

A(x,t) = exp(-pt/R) {1 - % erfc[gx—'%é]

Z(DRt)
yb
- (.Vz_t) exp| - Q_x__'it_)i]
RS P 4DRE
+ i a+2 4 v_zt_) exp(vx/D}) erfc _ij_j'__‘_flE
2 D DR 2(DRt)/2
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I 4 (vu)x Rx - ut
B8 = Ty ey “‘f“[m]

{v-u)

{vtu)x Rx + ut
expl 5 ] erfe —1
“ 2(DRt)’2

2

v VX t Ex + vt
+ oo exp(—= - £5) erfo| =Tt
ZpD D R Z(DR!‘.)/Z

1/2
u=v (1 +ii‘%)
v




C?.

Governing
Equation

6c _ 2 ¢ dc _
Rbt az V—a? p,C'f"Y

Initial and Boundary Conditions

e{x,0) = Ci

CO 0 <t < to
c{0,r) =

O t >t

a_c =
- (L,t) =0

Analytical Solution (Selim and Mansell 1876)

e{x,t) =
X - X - X
" + ((:i u) Alx,t) + (co p) B(x,t) 0<tct
X - X - X - -
m + (Ci p) Alx,t) + (Co u) B{x,t) c, B(x,t :O) t > t,
where
e VX t vzt Biﬁt
A(X,t) = z E(ﬁm,X) exp{ﬁ - R m - 7 ]
m=} L™R
B(x,t) = Bl(x) - Bz(x,t)
2
- E(g_,x) £ exp(H)
m D
Bl(x) =1 - 2 2 2
m=l o2 . ovLy Lt
g, + (20) + 5]
T vzt BiDt
- E(ﬁ X} {B + (ZD) I ex p{ZD 'Eﬁ - Z0R _E__I
B, {x,t) zl > 5 5 LR
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By X
26 sinﬁﬂf—)

E(B,x) = >
(82 + OB + 3%

The eigenvalues By are the positive roots of

L
B cot(ﬂm) +-§5 =0

The term Bl(x), which also appears in the steady—state solucion
(case C3), converges much slower than the other terms in the
solution. This teram, however, can be expressed in an alterna—-
tive form that is much easier to evaluate:

{v-u)x (vtu)x _ E.L]
2D

R

(1 + (-Ev‘-') exp(-uL/D)]

expl

Bl(x) =

Approximate Solution

z 2(DRt)"2

A(x,t) = exp(-ut/R) {1 -1 erfc{#iw:—%;]

—-% exp{vx/D) erfec Rx + vt
2(DRt )"2

2
--:]ai [2 + v{2L-x) + VD;] exp(vL/D) erfc[R

{2L-x) + vt
D

2(DRe )2
1
+ (¥ t)jz (YL o R g +"t)21
wor!  €¥Plg -~ gpp(2lx + 3

B(x,t) = 33(x,t)/54(x)

where




. 1 {(v-u)x Rx - ut
Bo(x,t) == exp[—-—'] erfel~——17
34X 2 2D [Z(DRI:)IZ]

7 exp{(m)x] erfc M—%}
2(DRt )2

{u-v) (vtu)x - 2uL £ R(2L-%) - ut |
* vy P p ber °f 2(oRe V2 |
(ut+v) {(v-u)x + 2ul £ —R(ZL—-x) + ut ]
* 2y ! 20 ber L 2(DRe)2
2
v vL _ pt R(2L-x) + vt
- 3.5 EXP(_D R) erfc[ z(DRt)l/Z

B (x) = ]+ (—-) exp(-uL/D)

and

Y

2

u = v (1+-£—‘-L%)
v




ac 82 3c
C8. Governing R‘S? =D—0 - v oS- ue + oy

c
Equation axz dx

Initial and Boundary Conditions

c{x,0}) = Ci

0 <t ¢t
¢ o o
{(-D — + vc) =

0 t >t

ax x=0

(4]
ac
'"a';:_ (L:t) =0

Analytical Solution

ci{x,t} =

Y - X X
’ + (ci u) Alx,t) + (c0 11) B{x,t) 0 <t ¢ £,

Y - X - X - -
" + (ci u) Alx,t) + (C0 u) B(x,t) <, B(x,t to) t > t,

where

2 VX ut vzt Bth
= ¥ X = __=
Alx,t) mgl E(Bm’x) exPIZD R 4DR 2R'

B(x,t) = Bi(x) - Bz(x,t)

vX
ul 3 _Heg Gy
D 2 2

m=] 2 vL uL
[ﬁm + (ET? *'—Tr4

Bl(x) = ] -

vx
2D

7] 2

2 L (vL wL

[8) + Gp) + 2

2
BCB%) 182 + () 1 expl




and

g x B_x
2vL m VL m
3 Paleesty) * 95 sint I
E(Bmsx) = 2 7
2 vL vL 2 vL
(6 + Gp *+ 5! By * p) |

The eigenvalues B are the positive roots of

2
gD
m vL
B1]1 cot(Bm) T YL + 4D 0

The term Bl(x), which also appears in the steady-state solution
(case C4), converges much slower than the other terms in the
series solution. This term, however, can be expressed in an
alternative form that is much easier to evaluate:

exp|

(v=u)x u-v (vtulx - 2uL
51t G expl 7D ]
uty (u.—v)2
2v 2v{utv)

[ exp(—ui-/ D)]

Approximate Solution

A(x,t) = exp(-ut/R) {1 - % erfc[Rx - vtz]

2(DRt)
& (rx - vt)?
v t -V
- Gpp) exel- oRE )
] VX vzt Rx + vt
+ 5 (1 +-3 +-—-ﬁ) exp(vx/D) erfc.——-—-I/—
- L 2(Dre)'2
4 ztl/z t L R e, ?
v v v v v
- (?TT]R_) [1 + E(ZL-X +—R-)] exp[-—ﬁ - W(ZL—X +_R) ]
2
+-£-{2L—x +.§EE.+ y_ (2L-x +.EE) ] exp{vL/D) erfc R(2L7%) ﬁ_Vt
D 7R 4D R 2(DRt )2
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B(x,t) = BB(x,t)!Ba(x,t)
where

hx - th

B (x,t) = B = ut
3 | 2(DRe)"2]

-hx + ut-
17
| 2(DRe )2

Ex + vt
ot
2(DRt)

2
+ VD; + 3 +-E§] expcg% --Eﬁ) erfc[%(ZL X) ﬁfvg]
B 2(DRt)’2

Y.

)

Vot vL _ut | R vt
5 o) exely R v ogmpldx 3 |

§¥@) o Crka)x - 2l erfc-R(ZL—x) - ut]

(u+v)2 2D L 2(DRt)l/2

Xp | erfe T
(u=v)? 2b [ 2(0re)”2

Lty o (vowx + 2uL " R(2L-x) + ut:]

(u-V)2
B,(x) =1~ — exp{-uL/D)
{utv)




Cgl

Governing
Equation

2

ac _ 3 C© _ ac _

at =D 2 v ax we + v
ax

Initial Condition

e{x,0) = A(x)
=14 oy - D e (5
where
1&
u=v (1 +-£E§)

v

Note that the initial condition is of the same form as the
steady-state solution for the same boundary conditions (case
Ci).

Boundary Conditions

C <ttt
o o
c(0,t) = {

0 t>t
0

ac
3;'( >t) 0

Analytical Soclution

Alx) + (co - Ci) B{x,t) 0<¢t<x tO

c(x,t) =

A(x) + (Co - Ci) B(x,t) - C, B\x,t—to) t >t

where A(x) 1s the same as the initial condition, and where

1 (v—-u)x Rx — ut |
B(x,t) = = exp [—-—-—-—] exfecj—7
2 2D | 2(pRe)2
1 (v+u)x Rx + ut |
+ = exp[~—z*>] erfc|——17
2 ° 2D 2(DRt)/2
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Cl0. Governing R-EE =

Equation st

Initial Condition

c{x,0) = A{x)

Y _ Yy _2v {v- u)x
" + (Ci u) o exp| 1

1
AuD)b

v (1 + 5

v

Note that the initial condition 1s of the same form as the
steady-state solution for the same boundary conditions (case
c2).

Boundary Conditions

{(-D %& + ve) =
x=0

vC 0<t< ¢t
{ o o

0 t>t
o

3¢
3x
Analytical Solution

(2,£}) =0

A(x) + (C_ - C;) B(x,t)
cl{x,t) =
A(x) + (C0 = c,) B(x,t} = C, B(x,t~to)

where A{x) is the same as the initial condition, and where

=_ v (V u)x
S S f[m

v { +u)x Rx + ut |
+ exp{~—} erfec|——17
(v=u) [é(DRt)b

2
+ EXE exp(E% - E%) erfe Rx + v;
M 2(DRt ) 2(DREY2




Cil. Governing
Equation

§£=D_6L2_C_v§_€__ e+
3t 2 3x o ¥
3x

R

Tnitial Condition

c{x,0) = A(x)

(vu)x - 2uL1
2D

[1+ (R exp(-ul/D)]

exp($52%] 4+ T expl

_Y..{. (C ..l)
" i
where

gb
u=v {I +-£E%) '
v

Note that the initial condition {s of the same form as the
steady-state solution for the same boundary conditions {case
C3)t

Boundary Ceonditions

C g <t <t
o o
c(0,t) = {

o t >t
o

3¢ ~
o {L,t) =€

Analytical Solution

A{x) + (CO - Ci) B{x,t) g <t«g t,
c{x,t) =
Al{x) + (co - ci) B(x,t} - C0 B(x,t-to) t >t

where A{x) is exactly the initial condition, and where
B{x,t) = Bl(x) - Bz(x,t)

wich
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2
2 2

2
ey + 9 + 55

=1

BB, %) [B2 + ) ] ex

2
(8 + (o2

B*
ZBm sin(HE—)

E(B_,x) 5
(g2 + SORRL

The eigenvalues B are the positive roots of

By cot(p ) +ﬁ— 0

The term B,{(x), which also appears in the steady-state solution
(case C3), converges much slower than the other terms in the
solution. This term, however, can be expressed in an alterna-
tive form that is much easfier to evaluate:

expl(v—u)x] " (u v) exp[(v;;)x _ E%]

L+ (E;;) exp(~uL/D)]

Bl(x) =

Approximate Solution

B(x,t) = B3(x,t)/B4(x)

where

2D 2(DRt )72

B4(x, t) = %‘ lgﬁ:glil erfcI:Rx ~ ut}




+ __ exp [(v+u)x1 erfc[Rx + ut]

2(DRt)

(u—v) expi

M) 7D

2D

BA(K) =1+ (-E;—:) exp{~uL/D)

erfc [R

(vtu)x = 2uly o [R(?.L—x) ~ ut]

2(03:)’2

[(v—u)x + ZuL] erfc\-R(ZL—x) + ut
2(DRE)Z

(2L-x) + vt]
2(DRt)/2




Ccl2,

Governing
Equation

Initial Condition

elx,0) = A(x)

exp{(v;;)x] + (E;:) exp[(V+u)§D- 2uL]

Y+ (c - Xy
b Iow uhv (u-v)?

! v 2v(u+v)

exp(-uL/D) ]

where

%&
u=v(1+-‘ﬂ£§)
v

Note that the initial coundition is of the same form as the

steady-state solution for the same boundary conditions {(case
C4).,

Boundary Conditions

(-D %E + ve) =
x x=0

vC 0t gt
{ o o

0 £t >t
o]

dc -

a‘ (L,t) 0

Analytical Solution

+ —_
A(x) (C0 Ci) B(x,t) 0 <t < to
c(x,t) =
A(x) + (C0 - Ci) B(x,t) - c, B(x,t—to)
where A(x) is exactly the initial condition, and where

B(x,t} = Bl(x) - Bz(x,t)

with




2

B,wx) =1 - 7 >
: m=1 2 vL nig
[Bm + (Eﬁ) + D ]
2
2 8Dt
2 v vX _pt vt m
E(ﬁm,x) (g, + G I explsg =~ IDR 1‘2[{]
B (x,c} = E
i w=l B+ (e
Bm 2D D
and
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The eigenvalues B, are the positive roots of
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The term 8,(x), which also appears in the steady-state solu-
tion (case C4), converges much slower than the other terms in
the series solution. This term, however, can be expressed in
an alternative form that is much easier to evaluate:
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Approximate Solution
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Governing
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Initial and Boundary Conditions

c(x,0) = Ci
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(]
3x (=,1) 0

Analytical Solution [see Cleary and Ungs ( 1974 ) and Marino

(1974b) for some special cases)
= l —1 ...l 4 n -
c{x,t) ., + (Ci u) Alx,t) + (Ca p) B(x,t) + , E(x,t)

where E
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Initial and Boundary Conditions

c{x,0) = C

—AL
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x=0

Analytical Solution (see also Lindstrom and Oberhettinger 1875)
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Initial and Boundary Conditions

clx,0) = Ci
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Analytical Solution
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F(x,t) = e AL [F,(x) - F,(x,t)]
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The terms Bj;(x) and Fi(x) converge much slower than the other
terms in the series solution. Both By(x)} and F;(x), however,
can be expressed in alternative forms that are mich easier to
evaluate (case C3):
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B,(x) =1+ (-3:_‘%) exp(-uL/D)
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S, EFFECT OF BOUNDARY CONDITIONS

In this section we will present several calculated solute
distributions as a function of distance and time. Special
attention will be given to the effects of the applied upper and
lower boundary conditions. The results are generalized by
making use of the following dimensionless variables

P = vL/D T = vt/L z = x/L {14])

where P 1is the column Peclet number, T 1is the number of dis-
placed pore volumes, and z is the reduced distance. To make
the solutions for a semi-infinite system applicable to a finite
profile of length L (for example, a laboratory soil coluamm),
the reduced distance cannot exceed one (0 < x . L).

Figure 1 shows calculated distributions obtained with the
solutions of cases Al (first-type boundary condition at x = 0;
semi-infinite profile), A2 (third~type boundary condition;
semi-infinite profile), A3 (first-type boundary condition;
finite profile}, and A4 (third-type boundary condition; finite
profile). Results are given for P-values of 5 and 20, and at
times equivalent to displaced pore volumes of 0.25 and 1.0.
The retardation factor (R) is assumed to be one; by replacing T
by T/R, the curves in figure I also hold for values of R other
than one. Furthermoxe, the curves are for no production and
decay (y = p = 0), for an initial concentration (Ci) of zero,
and for a continuous input concentration (C,) of one.

A considerable effect of the upper boundary condition on the
results is apparent at a Peclet number of 5. The curves for a
first-type boundary condition {cases Al and A3) are much higher
than those for a third-type boundary condition (A2, a4)
throughout the entire profile. The curves for a semi-infinite
system (Al, A2), furthermore, are very similar to those for a
finite system (A3, A4) at relatively small times (T < 0.25 in
fig. 1)}. This similarity occurs when the solwte fronts are
still not influenced by the lower boundary. Large differences
between the solutions for a finite and semi-infinite system,
however, are present at later times, These differences are
greatest after about one pore volume. When P increases from 5
to 20, the differences between the various soluticns become
much smaller. ©Note that for P = 20 the solutions for a finite
and semi—-infinite system deviate from each other cenly in a2 very
small region near the lower boundary.

From a large number of comparisons we found that the solution
for a fipite system can be approximated with an accuracy of at
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least four significant places by solutions for a semi-infinite
gystem as long as £ is restricted to

0< 2< .9 - 8/p, {15}

This empirical rule, which holds for all wvalues of T, applies
also for cases where production or decay terms are present.
For relatively small valueg of T (for example, for T less than
0.25 in fig. 1), [153] could be expanded to a much larger part
of the profile.

Except for the region close to the column entrance, the largest
differences between the four solutions occur at the lower
boundary after about one pore volume. Figure 2 shows the
effect of P on the lower boundary concentration at T = 1 for
the four analyrical selutions. The curves diverge considerably
from each other at the lower Peclet numbers. The curves for Al
and A4 approach each other slowly when P increases; at a Peclet
number of 10, the difference is only 0.05 unit. The curve for
A2, although always less than 0.5, converges to 0.5 rather
quickly; it reaches a value of 0.493 at P = 10.

Differences among the various analytical solutions, such as
thogse shown 1in figure 2, are important. Estimates of the
coefficients B and R 1n the transport equation are often
obtained by fitting ome of the analytical solutions (Al to A4)
to observed column effluent data (van Genuchten 1980). This
procedure assumes that the exit concentration can be equated to
the concentration at the lower boundary.

Although considerable differences between the analytical
solutions are present, even at Peclet numbers as high as 100 to
200, the significance of these differences are somewhat mis-
leading when judged from figure 2 alone. This is because of
the increasingly steeper slope of the exit concentration when
plotted againat T. This effect 1s shown in figure 3, where
effluent curves are given for Peclet numbers of 5, 20, and
60. Figure 3c shows that only a small displacemeni is needed
to let all solutions converge to the same curve (P = 60), The
maximum differences between the curves in figures 3% and 3¢,
furthermore, are roughly of the same order of magnitude as the
experimental errors one may expect in carefully obtained
effluent curves. 1t seemg likely, therefore, that the effects
of the imposed mathematical boundary conditons can be neglected
when P reaches values of about 20 or 30.

Two additional observations follow from figure 3, First, the
effluent curves for cases Al and A4 are very close when P is
about 5 or higher. This property was demonstrated earlier by
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Parlange and Starr (1375 ). The errors 4introduced by approx-—
imating the solution of A4 by the much simpler solution of Al
are about the same as the differences between the curves Al and
A4 in figure 2. Second, the curves for Al 1in figure 3 are
located exactly between those for A2 and A3. In equation form
this can be expressed as

CA3 = 2CA1 ~- CAZ (K=L) [16]

where the subseripts Al, A2, and A3 refer to the appropriate
analytical solutions. This last property, which is extremely
accurate for values of P that =zre not toe small, follows
directly from the approximate solution of case A3. Similar
relations apply for all approximate solutions for a finite
system and a first-type boundary condition at x = @ (that 1is,
also for nonzero values of A, u, and y). For example, for case
C7 cne has

C07 = ZCCS - Ccﬁ. (X=L) [1?]

The above discussion of the boundary effects 1s restricted to
cases where the production and decay terms are zero. Similar
effects of the boundary conditions can also be demonstrated
when either y, u, or both are nonzerc. Only a few comments for
these cases wlll be given here. The effects of the boundary
conditions are generally more pronounced for the speclal case
of zero-order production only (y # 0, p = 0). This is shown in
figure 4 where the steady-state solutions of cases Bl to B4 are
plotted for two values of the column Peclet number. Results
are given for C0 = 1 and a value of one for the dimensionless
rate term

7 = yL/v. {18]

The differences between the four solutions are consilderable,
especially when P equals 5. Note that the solution for case Bl
is independent of P.

The effects of the boundary conditions are generally less
significant when, in addition to =zero-order production, the
chemical 1s alsc subject to first-order decay., Figure 5 shows
the steady-state solutions of cases Cl to C4, for two values
of y, and for a wvalue of one for the dimensicnless decay
constant

p o= pL/v. [19]

The Mgrves Ior the two values of y are, in this particular
symmiitric with respect to the line ¢ = 1. Note that,
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at a Peclet number of 20, the finite and semi-infinite solu-—
tions are essentially the same over the reglon 0 < z < 0.95.
The effects of the boundary conditions are generally more
pronounced when the ratio y/yu increases; the effects are
relatively small when y = 0 and y is large.

b, NOTATION

Symbol Definition

¢ Solution concentration.

CAlr Ca2» a3 Effluert concentrations based on the solu~
tions of cases Al, A2 and A3, respectively.

Cese Ccgr C¢7 Effluent concentrations hased on the solu-
tions of cases €5, C6, and C7, respectively.

Cl' 02 Constants in several initial conditions
(table 1).

Cas G Constants in several boundary conditions
(table 1).

Cy Initial concentration (table 1).

C, Input concentration (table 1).

D Dispersion coefficient,

£{x) General initial condition.

g(t) General input concentration.

k bBistribution constant.

L Column length,

P Column Peclet number (P = vL/D).

q Volumetric flux,

R Retardation factor (R = 1 + pk/g).

S Adsorbed concentration.

t Time.

t, Duration of solute pulse {table 1).




Pore volume (T = vt/L).
u = (v2 + &pﬁﬁ&.
Pore-water velocity.
W= [v>+ 413(“-:\11]1/2,

bistance.

Constant in several initial comditions (table 1).
y = v% - z;mR)l’Z.

Reduced distance {z = x/L).

Decay constant in several initial conditilons
(table 1).

m~-th eigenvalue.

General zero-order rate coefficient for produc-
ticen.

Zero-order solid phase rate coefficient for
production.

Zero—-order liquid phase rate coefficient for
production.

Dimensicnless zero—order rate coefficient
(y = yL/v).

Volumetric moisture content.

Decay constant in several boundary conditions
{table 1}.

General first—order rate coefficient for decay.

First-order solid phase rate coefficient for
decay.

First-order liquid phase rate coefficient for
decay.

Dimensionless first-order rate coefficient
(p = ul/v).

Bulk density
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APPENDIX A,——TABLE OF LAPLACE TRANSFORMS

£(s) =f0 e °F F(o) dt

The following abbreviations are used in the table:

a=-L ex (—-EE)
¥Ynt P 4t
_ X
B = erfc(z/t)

- 2 _ X _
C = exp(a“t - ax) erfc(z’,t a/t)

- 2 _X_
D = exp{a“t + ax) erfc(zft + a/t)

f(s) F(t)
—-Xvs x
e E—t—A
e-x/s
E A
-Xvs
s B
8
e—x/s
—_ 2t A-x B
5v8
~Xy¥'s
e 1 2
2 f(x +2t)B Xt A
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APPENDIX A.~-Table of Laplace Transforms——Continued

f(s) F(t)
—E:fii (1-11:)“/2 1Perfe(=-) (n=0,1,2 )
Sl+n/2 2/t draSam e
V8 e_-x‘!S a
— A +'E (¢ - D)
s—a
-xys 1
= (C + D)
S—a2 pA
e—x/s 1
7 7 - D
/s(s-a”) a
¥s e-x'/s £t A +4—; (1 -~ ax + 2a2t) C
A
2
(s-a") 1 2
Ta (1 +ax + 2a"t) D
e—x/s 1 i
~*-7;75 Ta (2at - x) € + o= (2at + %) D
(s—a™)
—x/s
£ *E-A - wl— (1 + ax - Zazt) C
2 2 a2 433
Ys{s=a")
1 2
+ -—5'(1 - ax — 2a"t) D
4a
~Xy8
/s e ° X 2
Tatls (Gp-a)a+ta D
e—xfs
arls Amab
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APPENDIX A.--Table of Laplace Transforms—-—-Continued

f(s)

F(t)

-Xv'S
e

¥Ys{a+vys)

-Xvs

s(a+v/s)

1
;‘(B - D)

~xy/B
e

sYs{at+/s)

2t
a

1 1
A—--——z(l + ax) B +--»-2D
a a

—xv's
]

82(a+/s)

~%—(l + ax + azt +-% azxz) B
a

1

t
- —§-D —3'(2 + ax) A
a a

~-Xvy's
e

s(n+l)/2(a+/s)

L D - ngl (~22/e)" 1ferfe(=3-)
(~a)" o e

/s e‘x/s

(s-az)(a+/s)

-}:C+é(3+2ax+4a2t)]}—at£&

~Xy8
e

(s—a%) (atys)

1 1 2
tA+HC —(‘—;(l+2ax+£|at)1)

-Xvs
e

1 1

/s(s—az)(a+/s)

C + (-1 + Zax + 4a’t) D ~ £ A
2 2 a
4a 4a

-%v's
e

5(5-&2)(a+/s)

1 C +-—l§(3 - 2ax - 4a2t) D

4a 4a




APPENDIX A.—-Table of Laplace Transforms——Continued

f(s) F(t)

£ (1 + ax + Zazt) A
4 2
a
e-x/s 1

2
3 + 3(43 t - 2ax ~-1) C

(s—az) (at+v/s) 16a
L

l6a3

£4azt -1+ 232(:{ + Zat)z] D

Vs e_XIS

5 (1 + 2a2t) A - a(2 + ax + Zazt) D
(at+vs)

e—x/s 2
—3 (L + ax + 2a"t) D - Zat A
{at+ys)

e—x#s
—— 2t A = (x +2at) D
/slatys)

-y .
—t %(—1+ax+zazt)n+~%a-3—zg
s(a+vs) a a

4t 1
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a
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—-xv's a 2
e
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APPENDIX A.—-Table of Laplace Transforms-—Continued

£(s)

F(t)

¥s e—x“s

(8—a2 )(at+vs) 2

%(3+ax+2a2t) A+

1
Ba [1 + 6ax + 16 a

2

1
Ba C

t + 2a2(x + 2at)2] e

1

——— (0 - fﬁ‘(l + ax + Zazt) A

e—xfs 8a2 2
(s—az)(ahfs)2 1 2 2 2
+—-—E[—l+2ax+83t+23 (x + 2at)“] D
8a
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e 2 2 3
) 7 43 8a
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APPENDIX A.--Table of Laplace Transforms—-—Continued

£(s) F(t)
—Xv¥8 1 2
—-‘?-_--—3 [e +5 (x + 2at)7] D - t(x + 2at) A
Ya(a+/a)
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-xX¥'S 2
e 12a
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- 3 fC + (2ax - 1) D]
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APPENDIX B.~~SELECTED COMPUTER PROGRAMS

This appendix contains a series of tables listing user-oriented
computer programs of several key analytical solutions of the
one—dimensionsl convective-dispersive transport equation, Each
program is augmented with sample inout data and assoclated
listings of the computer printout. rhe sample programs con-
sidered are those for cases Al (together with A2), A3, Bl4, and
C8. A numerical computer solution (N1) 1s also provided. This
solution may be used for those cases where no analytical solu-
tion 1s available,

Table 2 (page 111) lists the most significant varlables in the
computer programs. The names of similar variables in different
programs have been kept the same whenever possible. Table 3
lists the sample input data used for the five computer pro-
grams. A listing of the function EXF, which is common to all
prograns except N1, is given separately in table 4. This
function will be discussed below. Listings of the programs
themselves, together with the computer output, are given 1in
tables 5 and 6 for case Al, tables 7 and 8 for case A3, tables
9 and 10 for case Bl4, tables 11 and 12 for case C8, and tables
13 and 14 for case Nl (the numerical solutiaon).

The function EXF(4,B), which appears in all programs except N1,
is listed in table 4., This function defines the product of the
exponential function (exp) and the complementary error function
(erfe) as follows

EXF(A,B) = exp(A) erfc(B) (B1]

whare

erfo(8) = —2 [ 7 exp(~t?) dr. [B2]
B

Two different approximations are used for EXF(A,B). For
Q< B< 3 (see also equation {7.1.26] of Abramowitz and
Stegun 1870): :

2 3 4 5
7+ 331 + a4r + aST ) [B3]

EXF(A,B) = exp(A — Bz)(alr +a

2

where

~ 1
U T 1+70.3275911 B




a, = .2548296 ay = -.2844967
ag = 1.421414 a; = —1.453152
ag = 1.061405 [B5]

and for B > 3 (see also equation [7.1.14] of Abramowitz and
Stegun 1370):

EXF(A,B) = ,,—i exp(A - B2)/(B + 6.5/(B + 1./(B + (B6]
1.5/(B + 2./(B + 2.5/(B + 1.}2))3).

For negative values of B, the following additional relation is
used:

EXF(A,B) = 2 exp{A) - EXF(A,-B). [B7]

The function EXF(A,B) can not be used for very small or very
large values of its arguments A, B. The function returns zero
for the following two conditions:

|a] > 170 la - le > 170 {B8}
B<O or B> O

The computer programs for the analytical solutions are all
written in double precision FORTRAN IV; they produce answers
that have an accuracy of at least four significant digits.
Initially, some problems were encountered with an accurate
evaluation of the approximate solutions for the finite systems,
especially those that are applicable to flux-—type soil surface
boundary conditions {cases A4, C8). These approximate solu-
tions require the addition and substraction of very large
numbers, leading to large roundoff errors and an overall
accuracy of at most three significant places when P > 100, The
following procedure, first suggested by Breuner (1362), was
used to derive alternative and more easily evaluated forms of
the approximate solutions.

As an example, consider the approximate solution Cpy of case
A4. This solution can be written in the form

CAE'_ = CAZ + G(K,t) [Bgl
where cyo 1is the analytical solution of case AZ and where

G(x,t) is given by

g& )
v vt vL K vt
) 1+ gp2lex + =) exp{5 — gpp(2lmx + ) ]

4v2t

G{x,t) = (ﬁDR
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vt
2R

2
v vL
+E(2L x+—R) 1.

—-% [2L-x +

R{2L-x) + vt] [B10]

exp{vL/D) erfc[ v
2(DRt )2

The approximate solution 1s used only for relatively large
values of the argument in the erfc—function of (Bl0]. A
suitable asymptotic expansion for erfc is therefore (equation
7.1.23 of Abramowitz and Stegun 1970):

ErfC(B) = _E_}EP(_'—BZ){]. + E ("'].)m [1-3-00-(2[!!"1)]}

Bvw nel ,m BZm

[B11}

Substituting [Bil] imte [B10] and cowbining appropriate terms
allows several of the lead terms 1in the series to he
cancelled. Additional simplification leads to the new form

yb L R t 2
v v
) el - gpp Ay

2
6(x,0) = (=
o m+1 (ggﬁom [2L-x - {B-LVE
z (_l) [1.3-.--(2“1"1)] R R
mel oy ol

(2l-x + _E)

This series expansion converges rapldly; at most five terms of
the series are needed to generate answers that have an accuracy
of 4 significant digits. An important advantage of [Bl2] is
that the expression now can be evaluated easlly in single
precision  arithmetic without  affecting the  four-place
accuracy. However, the double precision format of the computer
programs has ©been retained for the present. Wherever
necessary, asymptotic expansions similar to [Bl2] for case A4
were derived also for the other cases involving a finite
system; they have been included in the computer solutions.

The numerical solution NI, listed in table 13, is based on a
linear finite element approximation of the spatial derivatives
in the transport equation and a third-order finite difference
approximation of the time derivative. The theoretical bhasis of
this particular scheme is discussed elsewhere (van Genuchten
1977 , van Genuchten and Gray 1978) and will not be reviewed
here. The program assumes that the nodal spacing (DELX) and
the time increment (DELT) remain constant.




Table 2.--List of the most significant variables 1in the
computer programs

Variable Definition

APRX Variable to indicate if the solution for a
semi-infinite system can be used to approx-—
imate the solution for a finite system: APRX
= x/L - 0.9 + 8/P. (A3, C8).

BETA Dummy variable for the I-th eigenvalue, G(I).
(A3, C8).

C Dummy variable for concentration, c.

(D) Nodal values of concentration (N1).

o Constant input concentration, Cg .

CA, CB Constants {C_, Cb) in several boundary

conditions (see table 1). (Bl4, Hl1).
CL Constant initial concentration, Cy.
CONC Concentration, c.

CONS{V,D,R,...) Subroutine to calculate the concentration for
a finite profile (A3, C8).

D Dispersion coefficient.

DBND Constant (a) in several boundary conditions
(see table 1). (Bl4, C8).

DELT Time increment in numerical sclution (NI).

DELX Nodal distance in numerical solution (NL).

DONE First—order rate coefficient for decay, u-.
(C8, Nl1).

DT Increment in time for computer printout.

DX Increment in distance for computer printout.

DZERC Zero-order rate coefficlent for production,

v. {(Bl4, N1).
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Table 2.--List

of the most significant variables in the

computer programs-——Continued

Variable

EIGENL(P)

EIGEN3{P)

EXF(A,B)

G(I)

KINIT

KSURF

NC
NE
NN

NSTEPS

112

Definition

Subroutine to calculate the first 20 eigen~
values (B,)} for the series solution of a
finite profile with a first-type boundary
condition (A3).

Subroutine to calculate the first 20 eigen-
values (B8,) for the series solution of a
finite profile with a third-type boundary
condition (CB).

Function to calculate exp{A) erfc(B).

Vector containing the first 20 eigen-val-
ues (Bi) for the series solutions (A3, C8).

Input code for the 1initial condition in the
numerical solution. If KINIT = -1, the con-
stant init{al concentration (CI) is read in:
if KINIT = 0, the initial concentratiom is
specified in the program itself; if KINIT = 1,
the individual nodal values of the concen-
tration, C(I}, are read in separately (NI).

Input code for the upper boundary condition in
the numerical solution, If KSURF = 1, a
first-type boundary condition 18 specified; if
KSURF = 3, a third-type boundary condition is
specified (N1}.

Number of terms in the series solution; if N
equals zero in the printout, the approximate
solution was used (A3, C8).

Number of examples conrsidered in each pro-
gram,

Number of elements in the numerical solution

{N1).

Number of nodes in the numerical solution:
NN = NE + 1 (N1).

Humber of time steps in the numerical solu-
tion (NI).
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Table 2.--List of the moat significant variables in the
computer programs—-Continued

Variable

P

R

T

TO
TI
TIME

TITLE(I)

T™

TOL

Vvo

X(1)
XI

LL

Definition

Column Peclet number: P = vL/D.

Retardation factor.

Dummy variable for t or (t-to).

puration of tracer pulse added to profile, t .
Initial time for computer printout.

Time, C.

Vector containing information of title card
(input label}.

Final time for computer printout.

Convergence criterion for series solution {A3,
c8).

Average pore-water velocity, V.

Dimensionless time: VV0 = vt/x. Equals num~
ber of pore volumes if x = L.

Distance, X.

Nodal coordinates in numerical solution (Ni).
Initial distance for computer printout.
Column length, L. (A3, CB).

Maximum distance for computer printout.
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Table 3.--Sample input data for the 5 computer programs listed in this bulletin

Column: 12345678901234567890123456789012345678901234567890123456789012345678901234567890
Program Card 1 2 3 4 5 6 7 8
Al 1 2
2 EXAMPLE Al-1 (P=5)
3 1.0 4.0 1.0 1000.0 .0 1.0
4 .0 2.0 20.0 5.0 5.0 25.0
5 EXAMPLE Al-2
6 25.0 37.5 3.0 5.0 .0 1.0
7 100.0 .0 100.0 1.0 1.0 30.0
A3 1 2
2 EXAMPLE A3-1 (P=5)
3 1.0 4.0 1.0 1000.0 .0 1.0 .0001
4 .0 2.0 20.0 20.0 5.0 5.0 25.0
5 EXAMPLE A3-2
6 25.0 37.5 3.0 5.0 .0 1.0 .0001
7 100.0 .0 100.0 100.0 1.0 1.0 30.0
Bl4 1 1
2 EXAMPLE Bl4-1
3 25.0 37.5 3.0 .5 .25 .0 .0 10.0
4 .0 5.0 100.0 2.5 2.5 7.5
c8 1 2
2 EXAMPLE C8-1 (P=5)
3 1.0 4.0 1.0 1000.0 .5 .25 .0 1.0
4 .0 2.0 20.0 20.0 5.0 5.0 25.0 .0001
5 EXAMPLE C8-~2
6 25.0 37.5 3.0 5.0 5.0 «25 .0 1.0
7 .0 5.0 100.0 100.0 2.5 2.5 12.5 .0001
N1 1 2
2 EXAMPLE A3-1 (P=5)
3 40 125 1 -1 +5 .2 5.0 .0 .0 .0
4 1.0 4.0 1.0 .0 1.0 .0 1000.0
5 ; EXAMPLE Bl4-1
6 40 125 3 -1 2.5 o1 2.5 .5 .0 +25
7 25.0 37.5 3.0 .0 0 10.0 1000.0




Table 4,——Fortran listing of the function EXF(A,B)

OO

S W

EXf
FUNCTICN EXF{A,B)
PURPOSE: TO CALCULATE EXP{(A) ERFC(B)

IMPLICIYT REAL*8 (A-H,0-1)

EXF=0.0

IFIIDABS(A) aGTe1704)aAND. (BalLEaD.)) RETURN
IF(B.NE.C.O} GO TO 1

EXF=DEXPL{A)

RETURN

C=A-B*B
IF{(DABSIC).GTe1704)ANDW{BuGT40.}) RETURN
IF(C.LT.-170.}) GO TQ 4

X=DABS (B}

IF(X.GT.3.0) GO TO 2

T=1e/{1e+,3275911%X)}

= exp(A) erfc(B)

Y=T%(,2548296-T*(,28449€7~T%{1.421414~T%(1.453152-1.061405%T}}}}

GO TC 3

Y=o 5641896/ ([ X+o5/(X41a/{X415/(X+2./(X+2.5/(X+1.))})))

EXF=Y#DEXPI{C)

[IF{B.LT.0.0) EXF=2.*DEXP{A)~EXF
RETURN

END
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Tabie J.——Fortran listing of computer pregram Al. The functicn EXF is listed in
table 4

alalalalaslelalaNelfaNeleNalalalel

116

MAIN

gl h ok e ke d A e e o e R e 3 e sfesln el e R ol s s e e o o ote ol oade ek sk ol ol 3 o ode e e oo ok
#* *
* UNE-DIMENSIONAL CCNVECTIVE-DISPERSIVE EQUATIGN AL
* *
* SEMI-INFINITE PRCFILE &
2 #
* Nog PRODUCT ION OR LCECAY *
* LINCAR ADSORPTICN (R} *
* CONSTANT INITIAL CONCENTRATION (CI} *
# INPJUT CONCENTRATICN = L0 (T.LE.TO) *
* = 0 (TaGT.TO} *
x ¥
e S e Ao e g e R e e Se e e ok ok ek o e e e e sieolk o o 3 ofe ok e e sl e ok o FaEE kR o Rk g e s A ek

IMPLICIT REAL*B (A—-H,C~2)
DIMENSION TITLE(20)

——=—=— READ NUMBER OF CURVES TQ oE CALCULATED -———-
READ(5,1000) NC

DO 4 K=Ll4NC

READ(5,1001} TITLE

WRITE(&+1002) TITLE

————- READ AND WRITE INPUT PARAMETERS ————1
PEAD(5,1003}) V,D+R,TO:CI,CQ

READ(54,1003) XI,DXsXMsTI,DT,TM
WRITE(6,1004) VsDsRTC4CIHCO

V=V/R

IF{DX.aEQG.04) DX=1.0
IF{DT«EQ.0u) DT=1.0
IMAX={ XM+DX~-X1)/DX
JMAX=(TM+DT-TI }/DT
E=0.0

00 4 J=1,JMAX
IF(IMAX.GE.J} WRITE{&6,1005])
TIME=TI+(J-1)%DT

DO 4 I=1.IMAX
X=XI+(I-1}#%DX
VvD=0.0

IF(X.E&.Q.) GO YO 1
VVD=v*RxTIME/ X

DO 2 M=1,2

Al=0.0



http:functi.on

MAIN

A2=0.0
T=TIME+{I-M)*TO
IF(T.LE.OQ.) GO TO 2
CM=(X=-V*T) /DSQRT{4.*D*T}
CP={ X+Vv*T)/OSQRT{ 4. %D*T}
Q=V®X/D
Al=0.5%{EXF(EsCMI+EXF{C,CP})
A2=0.5%EXF(EsCM)+VRDSQRT( 42183099 T/ul*EAF{—-LM*CMyc)—0a5% (Lot VEY
1*T/DI*EXF(GsCP)
IF{M.EL.2) GO TO 3
CONCL=CI+{CO~-LI)*Al
CONC2=CI+(CO-CI)*A2

2 CONTINUE

3 CONC1=CCNCLI-CO%Al
CONC2=CONC2-CO*A2

4 WRITE(6,1006) XyTIME,V¥wV(C,CCNC1,CONC2

100C FORMAT(IS)
1001 FCRMAT(20A4)
1002 FORMATI{IHL ¢ 10X,3201H*) /11Xy 1H¥ 350Xy 1H¥X/11Xy 1H*,9Xy "ONE-DIMENSIUNAL

1 CONVECTIVE-OISPERSIVE EQUATIUN'® 225X, IH¥/ 0L Xs1H* 30X e LHF/11X,1H%*,
2 X T SEMI-INFINITE PROFILEY 50Xy 1H*/11X,1H*,5X, *NC PRODUCTION AND D
BECAY T 448X IH*/ 11Xy H* 49X "LINEAR ADSORPTIUN (R) ' 250Xs LH*/11Xs1H*,9
4X, "CONSTANT INITIAL CUNCENTRATION {CI)'y36X,1H*/114AyLH¥,9X, "INPUT
SCONCENTRATION = L0 {(TCLE.TCH' 337X lH*/11X31H*%429Xs'= 0 (T.5GT.TOIY
S 3TX IB*/ 11Xy IHF, BOX g LH¥/ 11Xy 1H* 3 20A%4 ¢ LH*/ 11X, 1%, 30X, IH*/11X,82(1
TH*) }

1003 FORMAT(E8F10.0)

1004 FCHMAT{//L11X,"INPUT PARAMETEKRS'/11Xs1l6{1H=}//11Xy"

v ='.Flc.4.15X, '
1D =3, F 124/ L1Xs 'R =V 4y FlZ2445]15X,1TQ ="4F11oa4/11Xs '] =%3F11e431l5X,"

2C0 =',Fll.4)

1005 FORMAT(// /11X s"DISTANCE 4 ilX, "TIME"s7Xs"PurnE VULUME' 12X LONCENTR

JATION' /14X, 4 X" 13X, " (T, 01X, 2 {VVO)} 60X, "FIKST-TYPE BuL',4X,'THIR
2D-TYPE BC")

1006 FORMAT (4Xs3{5XsFi044)+3%:F12.4,5%,F1l2.4%1]

STOP
END

117



http:FORMAT(4X,3(SX,FI0.4),3X,F12.4,SX,F12.4i
http:FOR~AT(8FIO.Ol
http:IF(~.E~.2l

Table 6.~-Sample output from computer program Al

bbb R b b b e L e R g AR
ONE-DIMENSTONAL CONVECTIVE-CISPERSIVE EQUATION

x
»
*
SEMI-INFINITE PROFILE *
NO PRODUCT ION AND DECAY *
LINEAR ADSORPTICN (R) *
CONSTANT INITIAL CONCENTRATION (CI} *
INPUT CONCENTRATION = CO {T.LE.TO) *
0 (T.GT.T0) *
%

*x

%x=

&

i

EXAMPLE Al-1 (P=5)

LA B SN BRI Y

#*#*#*###t###***#****####*#*#1######**####**#*#**#*##**##*##$*$**#*##****#*#**#*

INPUT PARAMETERS

vV = 1.0000 D = 4.0000
R = 1.0000 T0 = 100C.0000
cr = 0.0 Ca = 1.0G00
DISTANCE TIME PORE VCOLUME CONCENTRATION
(xX) (T {vvo) FIRST-TYPE BC THIRD-TYPE BL
0.0 5.0000 0.0 1.0000 0.7640
2.0000 5.0000 2.5000 0.9036 0.6376
4.0000 5.0000 1.250¢C 0.7731 0.5023
6.0000 5.0000 C.8332 0.6209 0.3712
8.0000 5.0000 0.€250 Oe4648 0.2559
1¢.0000 5.0000 €.5000 0.3224 0.1638
12.0000 5.0000 Q.41c7 0.2004 0.0970
14.0000 5.0000 0.3571 0.1215 0.0530
16.0020 5.0000 G.2125% 0.0655 0.02606
18.0000 5.0000 C.2718 0.0324 C.0123
20.0000 5.0000 G.25C0 0.0146 0.0052
DISTANCE TIME PORE VCLUME CUNCENTRATION
(x} (1 (vvo) FIRST-TYPE BC THIRD-TYPE BC
0.0 10.0000 0.0 1.0000 0.8845
2.0000 10.0000 5.0040¢C 0.9626 0.8198
4.0000 1C.0000 2.5000 0.9086 0.7424
- 6.0000 10.0000 l.66€7 Q0.83577 0.6548
8.0000 10.0000 1.2500 0.7517 0.5010
10.0000 10.0000 l.0000 D.6544 0.4657
l12.00c0 10.0000 $.8333 0.5512 0.3738
14.0000 10.0000 Co7143 G.4401l 0.2895
16.0000 10.0000 0.€250 0.3504 0.2161
18.0000 10.2000 L.555¢ D.2¢41 0.1551
20.0000 10.0000 €.50¢0¢C 0.19G9 0.1070
DISTANCE TIME PORE VCLUMCc CONCENTRATICN
(x) {T) (vvC) FIRST-TYPE BC THIRO-TYPE BC
c.0 15.0000 C.0 1.0000 0.9365
2.0000 15.0000 1.50C0 D.9818 0.9003
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4.0000
6.0000

8.,0000
10.0000
12.0000
14.0000
16.0000
18.0000
20.0000

DISTANCE
(X]
0.0
2.00C0
4.0000
6.0000
8.0000
10.0000
12.0000
14.0000
16.0000
18.0000
20.0000

DISTANCE
(X)
0.0
2.0000
4.0000
6.0000
8.0000
10.0000
12.0000
14.0000
16.0000
18.0000
20.0000

15.0000
15.0000

15.0G600
15.0000
15.0000
15.0000
15.0C00
15.0000
15.0000

TIME

(T)
20.0000
20.0000
20,0000
20.0000
20.0000
2C.0000
20.0000
20.0000
20.0000
2€.0000
20.13000

TIME

(T
25.0000
25.0000
25,0000
25.0000
25.0000
25.0000
25.0000
25.00600
25.0000
25.0000
25.0000

3.75CC
2.500¢C

1.875C
1.506¢
1.25CC
1.0714
0.5375
C.8333
C.7508

PORE VOLUME
tvve)
C.0

1¢.0000
5.00C0
3.3333
Z.5000
2.00CC
1.66¢€7
1.4286
1.2500
1.1111
1.000C0

PORE VCLUME
(vv(}
C.C
1z2.50CC
6.2500
4.16E1
2.125C
£2.50CGC
c-.0833
1.7€E517
1.5625
l1.3889
1.2500

0.9549 0.8549
0.9181 0.8004
0.8707 0.7375
0.8129 0.66T1
0.7456 0.5931
0.6707 0.5161
0.5907 Oa4394
0.5087 0.3656
0.4278 0.2969
CONCENTRATIGN
FIRST-TYPE BC THIRD-TYPE BC
1.0000 0.9630
0.9902 0.9416
0.975¢6 0.9142
0.9551 0.8801
0.9278 0.8392
0.8933 0.7916
0.8511 C.7379
0.8014 0.6788
0.7449 Q.6151
0.6827 0.5501
0.6162 0.4837
CONCENTRATION
FIRST-TYPc BC THIRD-TYPE BC
1.0000 0.9776
0.9944 0.5646
0.9860 0.9476
0.9740 0.9261
0.9578 0.8995
0.9368 0.86T77
0.9103 0.8304
0.8780 0.7879
0.8399 O« 7404
0.7960 0.6886
0.7467 0.6334
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ONE-DIMENSIONAL CONVECTIVE~CISPERSIVE EQUATION

SEMI-INFINITE PROFILE

ND PRODUCTION AND DECAY

LINEAR ADSORPTICN (R)

CONSTANT INITIAL CONCENTRATIUN (LI)
= L0 (T.LE.TO}
= 0 {T.G6T.TO)

INPUT CONCENTRATIGN

EXAMPLE Al-2

LIRS R B AR
# 0% 4Rk Rk R

B A A 2 A R Sk Ao A K o B ok Kok o e e A A o e 0 R 0 R X e A e e A K o e A e A

INFUT PARAMETERS

25.0000 37.5000

0.0 = 1.G000

DISTANCE TIME PORE VCLUME CGNCENTKATION
{xl (m tvvQl FIRST-TYPE BL THIRD=-TYPE 8(

100.0000 1.0000 C.2500 0.0000 0.0000
10¢.000Q0 2.0000 C.5000 0.0000 0.0000
100.0000 2.06000 Q.7500 G.0000 0.0000
100.00Q00 4.0060 1.GQ¢0 0.0000 0.0009
100.0000 5.0000 l.250¢ 0.0000 G.0000
100.0000 £.0000 1.5000 G.00GU 0.Q000
100.0000 T.0000 1.7500 0.0010 ¢.0004
100.0000 8.0000 2.0000 0.0113 0.0088
100.0000 9.0000 2.2500 0.0563 0.0465
100.0000 1C.000Q0 2.504¢ 0.1655 0.1439
100.0000 11.0000 2.1500 0.3374 0,305y
100.0000 12.0000 Z.00Q0 0.5332 0.4947
100.0000 13.0000 2,2500 0.6975 C.6700
100.0000 14.G000 3.5046C C.7002 O.7ob4
100.6000 15.0000 3.750C 0.7509% 0.75%2
100.0000 16.0C00 4.,0GC0 0.6228 Cab4d 74
100.0000 17.0000 4.25C0 04485 0.4795
100.,0000 18.0000 4.50C0 0.2B40 0.3124
100.0000 19.0000 4.7500 Gal1607 0.1816
100.0000 20.0000 5.00C0 0.0825 040956
100.0000 21.0000 £.25cCC 0.0389 0.0462
170.0000 22.0000 5.50C0 0.0L74 0.0205
100.0000 23.0000 5.17500 0.0071 ¢.0088
100,3000 24,0000 &£.0000 0.0028 G.0035
100.0000 25.0000 6.250¢0 0.00190 0.0013
100.0000 26.0000 &.5000 00004 0.000>
10G.0000 27.0000 £.7500 0.0001 0.0002
120.06000 28.0000 1.00G08 2.0000 0.0001
100.0000 29.0Q00 1.2500 0.0000 0.0600
10G.0000 30.0000 1.5000 8.0000 0.0000
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Table 7.,-—Fortran listing of computer program A3, The function EXF is listed in

table 4

OO0 OO OO0 MO 000

MAIN

e St 3300 o e 40 e vk e ot s g ol Ao o e o ok ook ok R ok 2 A6 e e ke ol e e e skl okl e e R R KK 3 3

* *
¥ ONE—DIMENSICNAL CONVECTIVE DISPERSIVE EGQUATION Al %
* %
* FIRST—iYPE BOULNDARY CONDITION ¥
] FINITE PROFILE *
* %
% NG PRODUCTICN CR CECAY ]
* LINEAR ADSORPTILCN (R} ¥
* CONSTANT INITIAL COCNCENTRATIUN {(C1) ¥
* INPUT CONCENTRATION = L0 {(T.LE.TQ) *
* = 0 {T.GT.TO) %
* %
3 s e de o ok sk de o o ok ok ol o o o e a A oo e e A ook o 0 ol e 0k e ko 6 e gl ok o ok ko ok ok

IMPLICIT REAL*8 {A-+,C-1}
CCMMLN GL20}
DIMENSICN TITLE(Z20)

-——— READ NUMBER 0OF CURVES TO BE GENERATED -——--

READ(5,1000}) NC

DO 4 K=1.NC
READ(521001} TITLE
WRITE(6,1002) TITLE

—~——— READ AND WRITE INPUT PARAMETERS -———-
READ{5,1003}) Vs+8sRsTO,L1,£0,T0L
READ(S5,1003) X1, DX s XM XLsTI4DT,TM
WRITE(641004) V3DyRyTC,CI.C0O,XL,TOL

C=D/R

V=V/R

IF{DX.EQe0e) DX=1.0
IF{DT.EQ.0s} DT=1.0
XM=DMINI{XM,XL)

P=V#XL/D

IMAX=(XM+DX~-XI3}/DX
JMAX=(TM+DT-TI /DT
IF(P.LE.100.) CALL EIGENL{PI}
DG 4 J=1,JMAX
TIME=TI+(J=~1}%*0DT
TF(IMAX.GELS) HRITE(6410G5}
OC 4 I=1,I1IMAX

X=XI+(I-1)%DX

12}



Vv0=0.0

IF{X.EQ.C.) GO TO 1

VVO= V¥R*TIME/ X

CO 2 M=1,2

C=0.0

T=TIME+{1-M}*TO

IF(T.LE.C.) GO TO 2

CALL CONS{CyayVeDeXeTeXLoTOL#N)
IF(M.EQ.EY GO TO 3
CCNC=CI+{(CO-CI)*C

CONT INUE

CCNC=CCONC—~CO*(

WRITE(6,1006) XeTIME, VVL:CCNC,N

FORMATI(I5)
FORMAT(20A4)
FORMAT [1H1,10X,82(1H*)} /11X 1H%s BOX,1H*/11 X, 1H*,9X, "ONE-DIMENSIONAL
1] CUNVECTIVE-DISPERSIVE EQUATION' y25X,1H*/11XslH*,80X s 1H*/ 11X 1 H%, 9
2Xy"FIRST-TYPE BOUNDARY CCNOITION® ¢42XylH*/11X41H%,9X, *FINITE PROFI
BLEY y57TXe1H*/ 11X 1H* 80Xy LH* /11Xy LH*3 9Xy *NL PRGDUCTION GR DECAY® 49
X9 lH*X/ 11X 9 LH¥*, 9X» *LINEAR ACSORPTION {R)" 450X 1H*/11X s LH%*,9X, *CONST
S5ANT INITIAL CONCENTRATICN (CI}',36X,1H%/11X41H*,9X, '*INPJT CGNCENTR
6ATION = CO {(ToLETO) " ,3TX ¢ lH*/11Xy1H¥329Xy'= 0 (T.GT.TO}' 437X ,1H%
T/ 11Xy 1H% s BOXy LHE/11 Xy 1H* p 20A4 s LHE/11X ) 1H* 480Xy IH¥/ 11X s 62 ( 1H¥%) }
1003 FORMAT{8F10.0)
1004 FORMAT{(//11X,'INPUT PAKAMETERS'/11Xs16(LlH=)//11Xs"'V =% ,F12.4415Xs"
1D =" yFl2.47/11Xs°%R ='4FLl2.4,15X:°TO =1 ,F1lla4/11Xs'CI =V4F11la%s15X,"
200 ="3F1ll.4/11X:" XL =% 4yF11.4415X,"'TOL =',F10.6})
1005 FORMAT(///L1LX + DISTANCE' » 11X "TIME' 37X, *POKE VOLUME!y 6Xy "CUNCENTRA
ITION? »3X, "NUMBER® /14X " {X) 413Xy *(T) 11X, {VVOY " 414Xy 1(C) Y 4 TX,'OF
2 TERMS'})
1006 FORMAT(4Xs3(5XsF1l0.4) 48XeFl0ady7Xs14])
STopP
END




OO,

1000

EIGENL
SUBROUTINE EIGEN1{P})

PURPOSE: TO CALCULATE THE EIGENVALUES

IMPLICIT REAL*8 {A-H,0~-1}

COMMON G( 20}

BETA=0,1

DC 4 I=1,20

J=0

J=j+l

IF{3.6T.15) GO 70 3
DELTA=-0.2%(—0.5) %%

BET2=BETA

BETA=BETA+DELTA
A=BET2*DCOS{BET2)+0.5%P*DSIN(BET2}
B=BETA*DCOS(BETA)+0.5%P*JSIN(BETA}
IF{AX¥B}) 1,3,2
G{I)={BET2*B-BETA%*A}/(B~-A)
BETA=BETA+(0.2

WRITE(6,1000) (G(I}+1=1,20]}

FORMAT (/711X *CALCULATED EIGENVALUEST/11X,22{1H=3/{8X,5F12.6/}}

RETURN
END
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http:IF(J.GT.1S

CCNS

SUBROUTINE CONS{CaVsDsXsToXL,TOL 41}

PURPOSE: TO CALCULATE CONCENTRATIGN C

IMPLICIT REAL*8 (A-H,({~-7)

CGMMCN G{20})

I=0

P=VxX{ /0

Q=V¥*X/D

APRX=X/XL~0.9+8./P

IF{APRX.LT.0.) GO TO 4
IF({P.GT.IOO.J.DR.({P-AO.*V*T/XLI.GT.S.J} GC T0 4
EX=0.5%Q-0.25%y&yxT /D

SERIES SOLUTIGN
SUM=0.0
IF{X.Ed.0.) GO TO 3
Bg 2 J=1,10
CSUM=0.0
DG 1 K=1,2
1=2%J+K-2
A=GUL}#DSIN(G(I)%®X/XL)
IF{DABSTA) aiT.1.0-10) A4=0.0
EXP=EX—(G{I}/XL)**2%D%T
IF{DABS(EXP) .GT.160.} EXP=-160.
DSUM=DSJM+DEXP(EXPJ*A/IG(Il**2+0.25*P*P+0.5*P}
SUM=SUM+DSUM
IF(DABS(DSUM/SUM)LLT.TCL) GO TQ 3
CONT INUE
GO TO 4
C=la-2.%SUM
RETURN

——=== APPROXIMATE SCLLTICN ———-
S=DSQRT(4..%D*T)

E=0.0

C=O.5*(EXF(E9(X-V*T)/S)+EXF(Q;{£+V*T}/SJ)
IF{APRX.LT.0.} RETURN

A= ¥ D¥T/{2 %X~ X+VET J%%2

B=2.%VAT/{2.%XL~-X}
C=C+(2.*XL-Xl*A*EXF(P-O.S/A;E}*(l.-A*((l.*ﬁ}—j.*A*{(l-"Z.*b)—b.*A*
1((l.-3.*8)—?.*A*(1.-4.*B]}J)}/DSQRT(3.141595*D*T}
RETURN

END




Table B.—Sample output from computer program A3

EREREERRKEEE S TR RF R PEEFEEFEER RS TR ERER AT S U F R R AR IR ER SR LR R REF R PR EE R TR R R R X

ONE-DIMENSIONAL CONVECTIVE-CISPERSIVE EQUATICN

FIRST=-TYPE BOUNCARY CChCITICN
FINITE PROFILE

* *
* -
| ] x
* *
* *
* *
* NO PRCDUCTION OR DECAY *
* LINEAR ADSORPTICN (R} =
x CONSTANT INITIAL CONCERTRATION (L]1) *
* INPUT CONCENTRATION CO0 (T.LE.TGQ]) *
* -
® *
#* *
® *
* *®

0 {T1.6T.TO)

EXAMPLE A3-1 (P=35)

AFFHRXTERBEEFERXEREERFEZZX R RS R I HE RN PR R RPN R R R R Rk Rk kR kR Rk ko koK

INPUT PARAMETERS

vV = 1.0000 0= 4.0000

R = 1.0000 T0 = 1000.0000

c1l = 0.0 Lo = 1.0000

XL = 20.0000 TGL = (.000100

CALCULATED EIGENVALUES

2.380644 5.163306 8.151564 11.214%0¢ 14.310L23

17.421289 20.541462 23.66718¢& 2€.796564 29.925469

33.062194 26.1517272 39.333387Z 42.470298 45.607354

48.7455928 5l.884426 55.02327¢ £8.162421 £1.301816

DISTANCE TIME PORE VCLUME CONCENTRATION NUMBER

(X} (T} {vva) ic) OF TERMS

0.0 5.0000 c.0 1.0000 0
2.0000 5.0000 £.500C 0.9036 &
4,0000 5.0000 1.2500 0.7731 &
6.0000 5.0000 €.8333 0.6209 -]
8.0000 5.0000 C.e25¢C O.4648 &
10.0000 5.0000 C.5000 0.3225 &
12.0GQ00 5.0000 0.4167 0.2004 -]
14.0000 5.0000 €.3571 0.1216 &
16,0000 5.0000 C.3125 Q.0661 6
18.0000 5.0000 C.2778 0.0348 )
20.0000 5.3000 C.2500 0.0240 6

OISTANCE TIME PCRE VCLUME CONUENTRATIGN NUMBER

(x) (T} {vvo) {C) OF TERMS

0.0 10.0C000 C.0 1.0000 0
2.0000 10.0000 5.00C0 0.9626 &
4.0000 10.0C00 2.50Q0CC 0.9086 -]
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6.0000
8.C000

1c.0000
12.0000
14.0000
16.0000
18,0000
20.0000

DISTANCE
(x)
G.0
2.0000
4.0000
6.0000
8.0000
10.0000
12,0000
14.0000
16.0000
18.0000
20.6000

CISTANCE
{X)
0.0
2.0000
4.0000
6.0000
8.0000
16.0000
12.0000
14.0000
16.0000
18.0000
20.0000

DISTANCE
(x)
6.0
2.0000
4.0000
6.0000
8.0000
10.0000
12.0000
14.G000
16.0000
18.0000
20.0000

10.0000
10.0000

10.0000
1€.2000
10,0000
10.0000
10.0000
10.0000

TIME

(1}
15.0000
15.0000
15.0000
15.0000
15.0000
15.0000
15.0000
15.0000
15.6000
15.0000
15.0000

TIME

{T)
20.0000
20.00060
20.0000
2C.0000
20,0000
2C.0000
20.0000
20.0000
20,0000
20.0000
20.0000

TIME

(T}
25.0000
25.3000G
25.0000
25.0000
25,0000
25.0000
25.0000
25.0Q00
25.0000
25.0000
25.0000

PCGRE VCLUME

{(VvQ)
c.o
7.5C0¢C
2.75G¢
£+506CQ0
1.875¢
1.5000
1.2500
1.G714
C.6315
C.8333
€.35C¢0

PORE VOLUME

(vvi)
000
1C.CC0¢C
£.00C0
Z.3333
25000
£.0000
1.66€7
l.428¢
1.25C¢0
l.1111
1.00C0

PORE VOLUME

{vvi}
C.0
12.506C
£.2500
4,16€7
2.1250
£+30GC
<.0823
1.7851
1.5€25
1.38856
1.25CQ

0.8378
N.7520

0.6553
0.5530
Ju4544
Q.3666
0.3013
O0ul747

CONCENTRATIGN
{C)
1.0000
0.9819
0.9553
0.9189
.0720
0.8170
0.7544%
J.0689
D.6271
J.5788
05586

CONCENTRAT ION
(C]
1.0000
G.3905
0.9764
0.956%
0.9316
6.9005
0.8648
0.8266
G.7899
0.7608
0.7485

CONCENTRATION
(C)
1.0000
0.9949
0.9872
D.9766
049626
Q0.9455
0.9255
0.9041
0.8833
0.8668
0.8593

oo 0000

NUMBER
OF TERMS

o]
&
&
4
4
4
4
4
4
4
é

NUMBER
OF TERMS

N N

NUMBER
OF TERMS

L SR S SR o )
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ONE-DIMENSIONAL CONVECTIVE-CISPERSIVE EuuATICN

FIRST-TYPE BOUNDARY CCANDITICN

FIMNITE PROFILE

NO PRCDUCTION OR DECAY

CONSTANT INITIAL CONCENTRATION (CI)

INPUT CONCENTRATION

EXAMPLE A3-2

5 g o o R g e o Rl Ak B G o e o el e AR o kel e R R R R RO R

INPUT PARAMETERS

vV = 25.3C00
R = 2.3000
¢l = 0.0

XL = 100.0000C

CALCULATED EIGENVALUES

3.050337 6.102126
18.34¢412 21.419993
33,765¢Te 36.3634867
49.289314 52.402819
DISTANCE TIME

(X (T}
100.CG00 10000
100.000C 2.0000
160.0000 2.0000
100.0000 4.0000
100.0000 5.0C00
100.0000 £.0000
180.0060 T.0000
100.0000 §.0000
100.0000 $.0000C
100.00G0 1€.2000
16C.0000 11.0000
100.0000 12.0000
100.00G0 13.0000
100.0000C 14.0000
10¢.0000 15.0000
160.0000C 1£.0000
100.000¢C 17.0000
100.0000 18.0000
100.0000 15.0000

3
B
*
*
-
%
=
* LINEAR ADSORPTICN {R]}
&
£
%
%
#*
*
%

£0 {T.LE.TOI
0 (1.6T.7T0)

Lo

g = 37.5000
T0 = 5.0000
£ = 1.6000
TOL = €.000100
9.15669¢C 1Z.215114
24.498%63C 27.583053
39.9€6507¢ 42.070143
55.51858E 5€.636381

PORE VCLUME

{VvC)
C.2500
€.5000
€.750G
1.00C0
1.250C
1.50GG
1.7500
z.00090
2.25CC
Z.50C0
2.75406
3.0000
2.2500
3.5000
2.7500
4.00C0
4.2500
4.5000
4.3500

15.275191
3067083
46, 178327

6l. 120003

CONCENTRATION
{C)
G.0060
0.0000
0.0000
0.0000
0.900600
0.0000
v.G01L3
U.0138
D.0660
Da.loT2
0.3697
CubET7
vei250
0.7920
C.T427
0.5983
G.4174
0.2557
LUel399

NUMBER
UF TERMS

OO OOOLDOoOOOCO O

#*
®
3
*
&
=
E ]
&=
*x
%
*
*
#*
=
&
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100.6000
100.0000
100.0000
100.00C0
100.C000
108.0C00
100.0000
100.0000
100.0000
100.C000
100.0000

20,0000
21.0000
22.0000
23.0000
24.0000
23.0000
26.0000
27.0000
28.0000
29.0000
30.0000

£.00CC
5.25C0

5.5C0CC
£-715CC
€.CCCGC
€.2500C
€.50CC
€.71500
7.C000
71.2500
7.5CC0

0.0694
0.0317
0.0135
0.0054
0.0020
0.0007
0.0003
0.0001
0.0000
0.0000
0.0000




Table 9
table 4

oy O COMMNMOCA OO AN oO0

“y M

.—-Fortran listing of computer program Bl4, The function EXF is listed in

MAIN

P e PR T R PR T TP RSt T L L R S I L L R L Rl e R L e b

ONE-DIMENSIONAL CCNVECTIVE-DISPERSIVE EQUATION Blé4

THIRD-TYPE BCUNLARY CONDITION
SEMI=INFINITE PFRCFILE

LINEAR ADSURPTICN (R])

COMSTANT INITIAL CCNCENTRATION (L1)

A
#
#
&
%
*
*®
&
*
* IMPUT CONCENTRATICN = CA+CB*EXP{-DBND*T}
ES

*

&
*
&
*
%*
*
LERO-CRDER PRCDLCTIUN {DZEROI ¥
*
*
*
P
*®

sogedk g Aok KoKk Lk S T kR RIOkIH AR KRR AR R F kR ek kA Rk FEE

IMPLICIT REAL*8 {A-h,(—1]
DIMENSICN TITLE(Z20)

————— KEAD NUMBER OF CURVES TO BE CALCULATED —-—-—=
FEAD{5,1200} NC

D5 4 K=1:NC

READ(5,1001) TITLE

WRITE(6,100z) TITLE

————— KEAD AND WK ITE INPLT PARAMETERS —-————
FEAD{5,1003) V4CsR4DZEKC,LEND,CI+LA,CB
REAC(541003) X1sDXeXMyTILT,TH
WRITE{6,1004) VsDsR,CZERU+CBND,CI4CA,LD

— s — —— e ke ke S e S ey

V=V/R

DZERU=CZERG/R
S=Vi%2—4.,*¥DBND*D
IF(S.LE.O0.} GO TO 5
Y=DSQRT{S])
IF{OX.EQ.0.) DOX=1.0
IF(OTLEGQ.0.} 0T=1.0
IMAY ={ XM+DX~XT1}/DX
JMAX=¢ TM+OT-TI1}/DT
DL 4 J=1,JMAX
T=TI+{J-1)1%DT
1F{I1MAX.GE.J} WRITE(6,100Z)
CG & I=1,IMAX
X=X14+{I-1}%DX
vvi0=0.0

1IFIX.EQ.0.) GO TO 1
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4

5
6
C
¢
1300

1061
Ing2

1003
1004

1005

1006
107

130

MAIN

VVO=VRRAT /X

P=V%X/D

S=DSQRT(4.%D*T}

Al=X—=-V%T

A2=X+VxT

AM=0.5%EXF({0.00,A1/8)

AP=Q . S%EXF(P,A2/S)
AZ=DSQRT(.3183099*7/0)*EXF(-[QI/S,**ZtO-DOJ
BM={ X-¥Y*T)/S

BP={X+¥Y%T} /S

CM=0.5%{V-Yi*X/D

CP=0.5%(V+YI=X/D
A=AMEVEAZ (1 . +P+VEVRT /D)% AP
B=DEXP[-DBND*T]*(V/(V*Y)*EXF(CM,BM’*V/{V-YJ*EXF(CP:BPJ}-V*V*AP/(DB
IND%D)
CUNC=CI*lCA‘CIJ*A+CB*B+DZERU*(T+(Al+D/VJ*AM/V“.5*(AZ+2.*D/VJ*AZ+(T
I~0/ VX4, 5RA28%2 /T }%AP)

WRITE(6,10086} X3T4VVG,CCNC

GO TO 6

WRITE{6:,1007)

CONT INUE

FORMAT (IS5}

FORMAT(20A4)

FCRMAT{IlelOXrBZ(IH*)/llxtlﬁ*:80X:lH*/lerlH*t9X:'ONE‘UIMENSIUNAL
I CUNVECTIVE-DISPERSIVE EQUATION't25XglH*/lnglH*deX,lH*g/llx;IH*:
2SXs'"THIRD-TYPE BOUNDARY CENDITION"42X11H*/11X91H*:9Xr'SEMI“INFINI
3TE PRGFILE',SOX,lH*/llX,lH*,SOXylH*fllx:lH*,9xﬁ‘LINE&R ADSORPTION
4(R)" 50Xy IH®/ 11X 1H% 46X, * ZERD-ORDER PRODULTION (DZERDJ *,42Xs1H%®/11
SXylH*,9Xs *CONSTANT INITIAL CONCENTKATIGN (CI) " 436X 1HF/11Xs1H®,9X,
ot INPUT CONCENTRATION = Cﬁ*CB*EXP(-DBND*T}':31X:1H*/llX:lH*!80X:lH*
?/llx,1H*:20A4rlH*/llX,lH*:SOXng*/lleBZ(lH*}}

FORMAT(BFIQ.C)

FORMAT(// L1 X, YINPUT PARAMETERSY/ 11X 16{iH=}//11X,'V =Y yFl2.4415X,?
10 =", F12.4/11X4%'R =%, Flz.4,15X, 'DZERD =V FE.4/11Xy"DBND =% 4FY.4315
2X$PCL =t F1l.4/11X,0C2 =Yy Fll.4415XsCB =",Fil.4)

FURMAT(////IIX:‘DISTANCE':llx;'TIHE':?X:'PGRE VOLUME" , 6X 4 *CONCENTR
lATIUN'/l4X:'{XJ"l3X1'(T]’;llx;'(VVG]',lﬁx:'(C}'/J

FORMAT(4X+3(5X+FLl044) s8X,F10.4)

FORMAT(///5X/6(1H*},t CBND IS T8O LARGEs THIS CASE NOT EXECJUTED ¥y
I6(1H%}) '

STCP

EnND



http:8X,FIO.41
http:FClRMAT(4X,3(5X,FIO.4J
http:AZ=DSQRT(.3183099*T/D)*E~f(-(Al/SJ**Z,O.DO

Table 10.--Sample output from computer program Bl4

1+

o B oW OHO# O# o R H

T T L T T T T T Lttt E R L 22 SRl DR I L S Ll h bbbttt

o=

NPUT

v
R

9BNG =
Ca =

OISTANCE
{X1}

0.0

5.0000
10.0000
15.0000
20.0000
25.0000
30.0000
35.0000
40.0000
45.0000
50.0000
55,0000
6u.0C00
£5.3000
TL.CO00
72.0000
80.0000
85.G000
g0.0000
95,0000
100.0000

BISTANCE
(X)

.0
5.3000

ONE-DIMENSIONAL CONVECTIVE-CISPERSIVE EQUATION

THIRD-TYPE BOUNLGARY CCNDITICN
SEMI-INFINITE PROFILE

LINEAR ADSGRPTICN (R}

LERD-QORDER PROCUCTION (DIERGI
CONSTANT INITIAL CONCEANTRATIGN ((11}
L1NPUT CONCENTRATION = CA+CB*EXP(-DBND*T)

EXAMPLE Blé~1

PAKAAETER

25.C00C
3.0000

0.2500
0.0

TIME
{1}

2.5000
2.5000
2.5000
2.5000
2.5000
2.5000
2.5000
2.5000
2.5000
2.5009
2.5000
2.5000
2.5000
2.5000
2.5000
2+5000
2.5000C
2.5000
2.5000
2.5Q00
2.5000

T IME
{(1T)

5.0600
5.0000

0= 37.5000
G7EKD = 045000
Cl = 0.0

8 = 10.00600

PORE VOLUME
{vvO}

€.0
1Z2.800¢C
€.2500
4a.1667
2.1250
PR A
2.0823
1.7E57
1.562¢
1.388%
1.250C
l.i3¢4
1.0417
C.S€1L5
£.8929
C.8333
c.7812
0.7353
.6944
0.£51%
C.£250

PORE VOLUME
{VVC)

0.0
25.00cCQ

CONCENTRATION
{C}

S.6301
6.5099
6.9976
&.5451
4.9945
3.0083
1.4860
0.7302
C.4B809
G.4258
Q.4176
O.4167
D.4lé7
D.4167
04167
O.4167
Ce.41l67
Q.4167
0.4167
D.4167
Gatlb67

CONCENTHRATIuN
{ci

3.03L4
3.6467

PP e T TR PP TP TR LT IF I L 2L Lo R EE L E L St LA AR i 2t

™

%
3
x
*
-
x
®
%*
F3
&
E
=
#*
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10.0000
15.0000
20,0000

25,0000
30.5000
35.0000
40.0000
45,0000
50.0000
£5.0000
60.0000
£€5.0000
70.0000
75.0000
80.0000
25.0000
S0.0000
95.C000
100.0000

DISTANCE
{X]

C.0

5.00090
10,0000
15.200¢0
20.0000
25.0000
30.0000
35.0000
40.0000
45.0000
50.0000
55.0000
60,0000
65.00060
70,0000
75.0000
80.0000
85.0000
G0.0009
95.00060
100,0000

5.0000
5.0000
5.0000
5.0000
5.0000
5.0000
5.0000
5.0000
5.0000
5.0000
5.0000
5.0000
5.0000
5.0000
5.00C0
5.0000
5.0000
5.0000
5.0000

TIME
(1)

7.5000
7.5000
7.5000
7.5000
7.5000
1.5000
1.5000
7.5000
1.5000
7.5000
7.5000
T7.5000
7.5000
7.5000
7.5000
7.5000
7.5009
7.5000
15000
7.5000
1.5000

12.5000
8.3223
€.25090
5.000C
4.16¢7
2.5714
3.125G
ce17718
2.500C
c«2727
2.0833
1.9221
1.7857
l1.66¢67
1.5625
l.470C¢
1.3686
1.215€
1.25C¢C

PLGRE V(OLJMc

(VVG}

C.0
37.500¢C
1é.75C0
12.56CC

S.375G

1.5GGCC

6.25CC
£.3571
4.6E15
4.1€61
2.,150C
<4051
»1280
«884¢€
+EEE
5000
«342E
«205%
L0522
1.,9727
1.875¢C

B B R B R R G Ly

44,3309
5.0680
5.7862
643312
6.4937
6.1066
541799
3.9454
21417
lL.825]
l.20¢€8
0.9917
0a8815
Dedabs
000559
fabi50
0.8324
Dsc333

Jad>33

CunlonThRATILN
(C}

Lewsse
2eUlal
2atr348
2+9091
D id
4411349
400721
243136
5.8518
62657
Celd%oh
cabh6H
baa 71
3.5¢Ea65
<1251
20879
1.6733
1.4397
1.3253
l.27¢€4




Table 1l.-—Fortran listing of computer program C8. The function EXF is listed in

table 4

OO0 OO0 00 OO0

ey O

[N

MAIN

e il ol e sl oo o3 e e ok e sie e ok e e o e ol e e ok e e ok e ool e o el o o e e sl e 0 ol et o ol oo ok ok e X

ONE-DIMENSICNAL CCNVECTIVE DISPERSIVE EQUATION L8

FIRST-TYPE BOULNUARY CONDITICN

FINITE PROFILE

LINEAR ADSORPTICN (R)

{DZERCI

CONSTANT INITIAL CONCENTRATION (C})

INPUT CONCENTRATICN

* &
* *
* ¥
% *
* *
* *
* ZERC-O0RDER PRGOUCTION *
* FIRST-ORDER DECAY {DONE} *
E *
b *
% *
* *
E *x
E *

CO {T.LE.TOI]
0 (T.6T7.70)

P IR S e R L2 R R L2 S R L R 2 2t 2t R A Al sttt ot -2t s

IMPLICIT REAL#*8 (A-H,C=1)
COMMON G{20)
DIMENSICGN TITLE(20)

----- READ NUMBER GOF CURVES TO BE GENERATED —-——-

READ(5,1000) NC

DC 4 K=1,NC
READ(5,1001) TITLE
WRITE{6,1002) TITLE

————— READ AND WRITE INPUT PARAMETERS —=—=-
REAC{5,1003}) V4+D+RyTOCZERO,DONE,CI,CC
READ(5,10031) XIsDXyXMsXLsT11:DT,TM,TOL
WRITE(641004) V4DsRyTC+DZERC,CI¢DONE,CO,TUL

V=V/R

DZERQ=CZERO/R
DONE=DCNE/R
D2D=0DZERO/DONE
IF{DX.EQ.0.) DX=1.0
IF(DT.EQ.0.} DT=1.0
XM=DMINI(XM,XL)
P=V*XL/D

IMAX={ XM+DX-X11/DX
JMAX={ TM+DT-T1)/0T7
IF(P.LE.L100.) CALL EICEN3(P}
DO 4 J=1,JMAX
TIME=TI4{J-1}*DT

133



MAIN

IF{IMAX.GE.J} WwRITE(6,4100F)

DL 4 I=1,IMAX

X=XT+(I-1}*DX

VyO=0.0

IFIX.EQ.0.) GO TO 1

VVIO=VHR%T IMc /X

CALL CONS(TA,V,0,D0NEs Xy TIME S XLy TLLyN, O}
CALL C[NS‘39V:D:DDNE:XrTIHE:XL!TUL!Nsl!
COCNC=0DZD+{(C[-DZD}*A4(CO-CZL)*8
T=TIME-TO

IF(TLLE.O.) GO TD 2

Chre CONS{3,VsDsDONEsXeToeXLTOL,N,1)
CONC=CENC=CO*3

CONT INUE

WRITE{6,1006) Xy TIMEs YVC,CONC4N

C
C

1000 FORMATIIS)

1001 FORMAT(20A4)

1002 FORMAT(1H1+10X, 821 1H*)/11X y1H*,80X,1H%*/11X,1H*,9X, *ONE~DIMENSIUNAL
1 CONVECTIVE-DISPEKSIVE ECUATION' $25X, IH®/LiXy1H% 400X s LHX/ 11X, 1H%, S
ZXy*THIRD-TYPE BOUNDAKY CONDITION® 42X 1H%/11Xe1H%*49Xy "FINITE PROFI
ILE®»5TXe LH*/LAX, LH*  ECXy 1H¥ /11X,y LH*, 9X, 1 2ZERU-URDER PRCDUCTION {ULE
GRCIY 442Xy 1H*/ 11X 3 1H* 3 SX, 'FIRST-ORDER DECAY {(DUNE) 347Xy iH#*/11X,10%
519Xy *LINEAR ADSORPTICN (R} *,50X, IH*/11X,1H*,9X, '"CONSTANT INIT1AL C
GCNCENTRKATION (CI )" 436X 1H*/11Xs 1H*ySX, *INPUT CONCENTRATION = CO (T
TalELTO)Yy3TX s LH* /11Xy 1H*426Xs'= 0 (ToGTaT0) " 437X lH*/ 11X LH% 804,
BIH*/11X41H%*¢20A4, LH*/ 11Xy 1H%, 80X, LH*/ 11 Xy02( 1H%*} )

1003 FORMATI(8F10.0) ‘

1004 FORMAT{//11X,"INPUT PARAMETERS'/11Xy16C(1H=}//7L1Xs'V =Y 4F12.4215X,"
ID ="'y F12.4/11XK¢ 'R =% F1244415X4'TO =", F1lab/11X, YULERKG =% ,F8ebsl5X
2y 'CI =%4F11.4/11Xs "OONE =1,F9.4,15X+%C0 =",F11.5/11Xs"TCL =',F10.5
3)

1005 FORMAT(///1LX*'DISTANCE 3 11Xs*"TIME® ,7X,*PORE VOLUME' s 60X, *CONCENTKA
ITION' y3Xy "NOMBERT /14Xy " (XD ' g13Xs * ATt 411Xt (VVO) V314XV (CH 1 970y ' UF
2 TERMS')

1006 FORMAT (4Xy3{5X+F10u4) o EXsFl0atsTXyIusFl0.4)

sTOP
END



http:SX,FlO.4,7X,I~,FI0.4J

oy OO0

10600

EICEN3
SUBROQUTINE EIGEN3{(P}
PURPOSE: TO CALCULATE THE EIGENVALUES

IMPLICIT REAL#*8 (A—-H,C-1}

COMMON 6{20)}

BETA=0.1

DO & 1I=1,20

J=0

d=J+1

IF(J4.GT.15) GO TG 3

DELTA=-C0.2%(—-0.5)%%J

BET2=BETA

BETA=BETA+DELTA
A=8ET2*DCOS(BET2)+(O.2S*P-BETZ**ZIP)*DSIN(BETZI
B=BETA#DCOS(BETA) +{0.25%P—BETA*%2/P)*¥DSIN(BETA}
IF{A*B}1,s3,2

G(I)={BET2%B-BETA*A}/(E-A)

BETA=BETA+Q.2

WRITE{6,1000) {(G(I},I=1,20}

FORMAT(//11 X, CALCULATED EIGENVALUESY/11X+22(1H=}/(8Xs5F12.6/)]
RETURN

END
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http:IF(J.GT.lS

O™
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JSURNAN

4

CCNS
SUBROUTINE CONS(CyVuD:DGNE:X:T'XL:TUL:I:MJ
PURPOSE: TO CALCULATE CONCENTRATIGN ¢

IMPLICIT REAL*g (A-H,C-2)
COMMON G(20)

I=0

E=0.0
U=V*DSQRT(l.+4.*DONE*D/V**2J
P=VXL/D

Q=V*X/D

PU=U*XL/D

QU=U%x/D

UV={U-V)/{U+V)
APRX=X/XL-0.9+8,/p
IF(APRX.LT.0.} GO TQ 4
IF((P.GT.IOO.)-CR.((P*40.*V*T/XL).GT~5.)J ) TO 4
EX=O.E*Q-O.ZS*V*V*T/D*DCNE*T

————— SERTES SOLUTICN=-———n
C=0.0

00 2 J=1,10
LC=0.0

DC L K=1,2
1=2%J+K-2

PETA=G{I)*X/ XL
A=2.*P*GII]*(G(I}*DCDSIBETA)+0.5*P*DSIN(BETAJl
IF{DﬁBS{AJ.LT.l-D-lO}A=0.0
EXP=EX~(G{I)/XL)%%24D%T
IF(DABSIEXPJ.GT.IO0.0} EXP=~160.
CG=GII)*%2.+0,25%pxp
IFIM.EQ.O) TERH=A*DEXF(EXP)/(GG*(GG+PJJ
IF{(M.EQ.1) TERM=A*DEXPIEXP)/({GG+P)*(GG+DDNE*XL**2/DJJ
DC=DC+TERM
C=C+DC

IF{DABS(DC/CJ.LT.TDL) GC TC 3
CONTINUE

IFIM.EY.0) RETURN
C=2.*V*(EXFf-5*(Q-QU}sE)+Lh*EXF(.5*(Q+QUJ*PU1EJ}/(IU+VI*(1--UV**2*
YEXF{-PU,E})}-C
RETURN

————— APPRUX IMATE SOLLTICN ———em
S=DC,r T4 . %D%T)

UX=o o al-X

AM={Y=y%T ) /5§

AP={ +V%T ) /S

BV={JUX-V%T) /5



http:IF(~.E~.OJ
http:IF(DABS(EXPJ.GT.lbO.OJ
http:IFC(P.GTelOO.'.OR.(CP-40.*V*TIXlJ.GToS.JJ

CCNS

EM=UX+ VT

BP=EM/S

CM=(UX-U%T) /S

CP=(UX+U®T1/S

DM=0.5%{Q—-Qu)

DP=0.5%(Q+QU)

EM={ X-U%T) /S

FP=(X+U%T)/S

A=0.5/BPau2

IF(M.EQ.0}) GO TO S

C=V/{V+U) ¥EXF (DM, FM)+V/(V=L)*EXF (DP s FP )+ 0. 5% V% 2/ ( DONE #D ) ¥EXF (Q-00
LNE*T,AP)

IF{APRX.LT.0.) RETURN

Br—A¥{Le=3 ¥AT (1 =5 %A%(1 . T . %A%{1.-9.%A))))
C=(C+,5641896%V¥V /DCNE¥DSCRT{T/D) *EXF (P—DONEXT—BP%#%2,E)*(V¥3/D+{3.
L+VEV/{ DONEXD) }#( 1. +8) /EM) +VEUV/ ( U+VIREXF{DP—PU, CMI =V/ (UV*(U-V) J %¥EX
2F (DM#PUSCPI I/ (le=UV%R2H¥EXF(—PU,E))

RETURN

5 C=0.5%EXF{EsAM)+V*DSQRT (4 2183099%T/D}REXF(-AM*AME}~0o5%( Lo +Q+VHVE

LY /DIREXF(Q,AP)

IF(APRX.LT.0.) GO TC ¢

B=V#T/UX
C=C4.75T8B46XVEUX/D*A% %] J5¥EXF(P=0a5/AsE) ¥ ( 1a=3 %A% {{La=Bi—5a %A% ((
11 e=2 o #¥B)~To®xAR{ (la=3o*B)=G . %A¥(Lo—4.%B) ) )1 )

6 C=(1.=-CI*DEXP(-DONEXT)
RETURN
END
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Table 12.--Sample output from computer C8

***###*$##¢##**#*#*###*#*#*#**#t*##***##*#**#**##*##**#$*#***##*############**$##¥
ORE~DIMENSI0NAL CONVECTIVE-CISPEKSIVE EQUATIGN

THIRD~TYPE BOUNDARY CONDITICN
FIMITE PROFILE

* %
* =
* E )
* *
% &
* %
* ZERG-CROER PRODUCTION {DZERQ) *
* FIARST-QRDER DECAY (DGNE) #
* LINEAR ADSURPTICN (R) *
* CONSTANT INITIAL CONCENTRATION {CI) *
* INPUT CCNCENTRATION *
% *
% *®
* *
& #
* *

= {0 {T.LE.TO)
= 0 {T.GT.T0)

EXAMPLE C8-1 (P=5}

*#####$$*##*$$$*t##&*#*#*#*##*###*#*####*####**##$*##*##**###*#*##**##**$#*#####

INPUT PARAMETERS

1.CG00 4.0000
1.0G00 1600.0000
0.5C00 0.0

0.2500 1.00000
G.00010

CALCULATED EIGENYALUES

l1.861513 4.21275i} 6.97T1795 $.918596 12.94784}
16.017621 15.105725 22.21527¢ 25.329502 28.449633
31.573955 34,701357 3r.83108¢ 4C.962616 44.095566

47.225657 50.364677 53.500464 5¢.636892 59.773840

DISTANCE TIME PORE VCLUME CONCENTRATION NUMGER
(X) (T {VVG) (Ci OF TEkKMS
G.0 5.0000 C.0 l.2715
2.0000 5.0000 Z£.5000 l.37¢60
4.0000 5.0000 1.250¢C 1.4310
6.0000 5.0000 C.8333 l.45:4
8.0000 5.0000 C.€25¢C 1.4570
10.0000 5.2000 C.500¢ l.4b14
12.0000 5.0000 C.4167 la&44]
14.0000 5.0000 0.35171 l.a374
16.0000 5.0000 C.212°¢ l.43527
16.0000 5.0000 C.2778 1.4299
20.0000 5.0000 C.25C0C l.4250

o owdomo > o

DISTANCE TIME PORE VCLuUME CONCENTRATION NUMBER
(x) (T} {vv() (C} OF TERMS
0.0 10.0000 C.0 l.3661 6
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2.0000
4.0000

6.0000

8.0000
1¢.0000
12.0000
14.0000
16,0000
18.0000
20.0000

DISTANCE
(X}
0.0
2.0000
4.0000
60000
8.0000
10.0000
12.0000
14.20C0
16.0000
18.0000
20.6000

DISTANCE
(X}
0.0
2.0000
4.0000
6.0000
8.0000
10.0000
12.00060
14.0000
L6.0000
18.8000
20.0000

DISTANCE
{xX)
0.0
2.0000
4.0000
6.0C00
8.0000
10.6000
12.0000
14.0000
16.0000
18.0000
20.0000

10.0000
10.0000

10.0000
10.0000
10,0000
1C.03000
10.0000
10.0000
1C.0000
10.0000

TIME

R
1£.0000
15.C000
1£.0000
15.0000
15.0000
15.0000
15,0000
15.0000
1£.G000
15.3000
15.0000

TIME

(T}
2C.0000
20,0000
20.0000
20.0000
20.0000
20.0000
20.0000
20.0000
20,0000
20.6000
2C.0000

TIME
(T)

25.0000
25.9000
25.0000
25.0000
25.0000
25.0000

540000
25.0000
25.0000
25.0000
25.0000

£«G0CG
2.50GC

l1.66¢£1
l1.2%500
1.C0C0
€.8333
$.7143
C.£25¢C
C.555¢
€.500¢C

PGRE VOLUME

{vvQ)
COO
7.50GCC
2.1800
Z«500G6
1.8750
1.500¢C
1.25G¢C
1.C714
€.5375
C.8333
C.15C0

PORE VOLUME

{vvC}
C.o
1C.G0CC
E.C0C0
2.23332
2.50CC
£.G0CO
1.66€7
1.428¢
1.25C¢C
l.1111
1.CQ0¢C

PORE VLLUME

(vvQ)
C.0
1245000
£.2500
4.1667
3.1250
2.50C0
£.G833
1.78517
1.5625
1.2889
l.250¢

1.5214
1.6312

1.7074
1.7589
1.7625
l.813¢
l.8261
1.8330
l.3364
1.8375

CONCENTRATION

(C}
1.3794
1.5423
le6611l
1.7474
1.8098
1.854¢
l.8865
1.9087
1.9238
1.9329
1l.9363

CONCENTRATION

(C)
1.3815
1.5456
le6659
1.7540
l.8la5
1.86586
l.8999%
1.9245
1.9417
1.9525
1.9565

CONCENTRATIGN

{l}
1.5819
l.5461
le6667
1.7552
1.8200
l.8676
1.9023
1.9274
1.%450
1.95¢61
1.9603

o> roo

NUMBER
OF TERMS

[l o ¢ S o S S o S S« S ¢ S o A0 8

NUMBEKR
LF TERMS

e e S L S S S e

NUMBER
OF TERMS

NN NN N NN
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RES I TR L L T T L F 2 Ry e e vt e,

ONE-DIMENSIONAL CONVECTIVE-CISPERSIVE EQUATIGN

THIRD—TYPE BQUNDARY CCANDITICN
FINITE PRGFILE

ZERO-GRGER PRODUCTIGN {DZERC)
FIRST—ORDER DELAY (DCNE)

LINEAR ADSORPTICN (wr)
CONSTANT INITIAL CONCERN
INPUT CONCENTRATION C

RO R W R R P oB oY H

EXAMPLE C8-2

25.0000
3.0000
0.5000
0.2500

0.00010

CALCULATED EIGENVALUES

2.964207 5-.931010 8.902794

17.865546 20.872271 23.8890865

32.99&3860 36.050045 A9.110745

48.331425 51.415853 54.504837

DISTANCE
{x}
.0
5.0000
10.000¢
15.0000
20.0000
25.0000
30.0000
35.0000
40,0000
45.00600
50.0000
55.3000
&0.0000
6£5.0000
T0.060C00
75.0000
80.00Q00

TIrdk
7]
2.5600 C
2.5000 1z
2.5000 &
2.5000 4
2.5000 3
2.5000 <
2.5000 2
2.5000 1
2.5000 1
2.5000 1
2.5000 1
2.5000 1
2.5000 1
2.5000 G
2.5000 c
2.5000 ¢
2.5000 C

PGR

TRATION ({1}
@ {1.LE.TO}
O {T.GT.TQ}

37.5000
5.0000
0.0

1.00000

11.881558
2€.9157172
42.1782964

57.59792¢

E VCLUME
{vvC}
CO

- 5000
«2500
«1667
«125¢
« 5000
-0833
- 7857
-5&25
«3885%
2300
~13¢&4
<0417
«SELE
-892%
-83323
«70l2

i14.868811
29+« 951892

45.252056

60.694713

CONCENTRATION
{C)
1.0133
1.0478
1.0407
0.9560
0.7900
0.5034
O.4681
0.4027
0.3815
0.3769
0.3762
0.3761
0.3761
C.3761
0.3761
0.3761
0.3761

NUMoEx
OF TERMS

DOODOQOODOQOOODOD




85.0000 2.5000 C.73E23 0.3761 0
30.0000 2.5000 G.06%44 Q.s7¢l 0
95.0000 25000 LC.€576 0.3761 ¢
100.0000 2.5000 £.€25C 0.3761 0
DISTANCE TIME PCGRE VOLUME CONCENTRATION NUMoER
(X1} {T} {(VVQ) {C) OF TERMS
C.0 5.0000 C.0 1.01406 Q
5.0000 5.0000 £.00CC 1.0617 4]
190.0000 5.0000 12.50G60 1.1059 Q
15.0000 5.0000 8.3333 1.1452 D
2G.C000 5.0000 £.2500 1.1745 0
25,0000 5.0000 5.00C0C 1.1849 0
30.0000 5.0000 4.16€17 1.1650 Q
35.0000 5.0000 3.5714 i.1077 Q
40.0000 5.0000 3.125¢0 1.0182 0
45.0000 5.0000 <. 17718 0.3149 0
50.0000 5.0000 Z+300G G.adl2 0
55.0000 5.0000 Z.2727 L.7328 C
60,0000 5.0000 2.08323 Da.7122 0
65.0000 5.0000 1.5221 C.0926 0
70.0000 5.000C 1.7€57 0.6849 0
75.0000 5.0000 l.66¢€1 D.0824 0
80.0000 5.0000 1.5625 0.6817 0
85,0000 5.0000 1.47C¢ C.6815 0
90.0000 5.0000 1.388% 0.6815 0
95.0000 5.0000 1.315¢ 0.6815 0
100.6000 5.0000 1.250¢C 0.56815 0
DISTANCE TIME PLRE VOLUME CONCENTRATION NUMBER
(X} {1} {(vv() (¢ OF TERMS
G.0 7.5000 C.0 0.0303 g
5.0000 «5000 37.5000 0.1367 0
10.0000 7.5000 18.7500 G.2737 0
15.06000 7.5000 12.5000 Ce4725 Q
20.0000 T.5000 9.37E5C 0.7266 0
25.0000 7.5000 15000 0.9830 g
3C.0000 7.5000 €.2500 1.1652 0
35,0000 75000 5.3571 1.2626 0
40.G000 1.5000 4.6815 1.3027 0
45.0000 7-5000 4.16¢€7 1.3104 0
50.0000 1.5000 2.7500 l.2%94¢6 0
55.00060 1.5C000 3.40651 1.2569 0
60.0000 7.5000 2.1250 1.2014 0
6£5.0000 1.5000 Z.884¢€ 1.1365 0
T0.3000 T.5000 2.¢7¢86 1.0725 0
73.0000 1.5000 2.5GC0Q 1.0186 Q
80,0000 7.5000 Z+3438 0.9792 0
85.0000 7.5000 <+205% 0.9543 0
90.0000 7.5000 2.0833 0.9405 0
$5.C000 T.5000 1.6737 C.9338 Q
180.3000 7.5000 1.875¢0 0.9314 0
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DISTANCE
(X}

0.0
5.0000

16.0000
15.00600
20.0000
25.00090
30.0000
35.0000
4G.0000
45,2000
50.0000
55.2000
0.0000
£5.0000
70.00Q0
75.0000
BD.0000
85.0000
G0.000C
85.{ 000
100.0000

DISTANCE
(X}
0.0

5.0600
10.8000
15.C000
20.0000
25.0000
30,0009
35,0000
40.0000
45.0000
50.0000
55.0000
6G.G000
£5.2000
70.0000
75.C000
80.0000
85.0000
S0.0000
S5.0000
100.0000

TIMc
(T}

10.0000
18.0000

10.0000
10.0000
10.0000
10.0000
1¢.0000
10.0000
1¢.0000
10.0000
1g.0000
10.0000
10.0000
18.0000
10.90400
10.6000
10.0000
10.0000
10.0000
10.0000
1£.0000

TIME

(1)
12.5000
12.5G00
12.5000
12.5000
12.5000
12.5000
12.5000
12.5000
12.5000
12.5000
12.5000
12.50600
12.5000
12.5000
12.5000
12,5000
12.5000
12.5000
12.5000
12.5000
12.5000

PORE VCLUME

{(VVG]

C.0
50.0000

5.00¢C0
1é.6€¢€¢17
12.5000
1C.00G0
8.3333
1.1429
€.2500
£.555¢
5.00CC
4.545%
4.1687
3.8482
3.5714
2.3333
2.12%5¢C
2.9412
Z.7718
248216
2«50C0

PORE VOLUME

{VvC)
0.0
62.50C¢0
31.25%0¢C
2C.8323
15.€250
le.56G00Q
10.4167
£.528¢
T.812¢
€.9444
€.250Q
5.€818
5.2¢82
G077
ha46472
4l
2.90¢€2
2.67¢5
3.4722
2.28%5
2.125¢Q

CONCENTRATION
(C)

G.0291
0.1240

0.2151
0.3042
0.3962
Ce4590
0.6220
0.7697
00,9347
1.0973
l.2549
l.3325
1.3896
la4ll7
1.4080
l.3855
1.3497
l.3067
1.2622
1.2219
11966

CONCENTRATION
(C}
0.0231
0.1l239
0.2141
0.3000
0.3820
0.44608
0.5375
0.6143
0.6949
0.7833
0.8829
0.9939
l.1116
1.227C
l.3293
1.4098
ladb4rZ
124532
1.5003
1.4508
l.4772

NUMBER
OF TEKMS

0
0
Q
0
0
0
0
0
Q
0
0
0
Q
0
Q
0
0
0
0
0
0

NUMBER
OF TERMS

COOQOOOQOOODLDODLOOODOLODO




Table 13.—-Fortran listing of computer program N1 (numerical solution)

MAIN

C
C
' 2 o ok R ok ok g R ko ok ok Rk Rk ok kR ok S okoR R R R Rk R R R R K
C
C * ONE-DIMENSIONAL CENVECTIVE-DISPERSIVE EQUATION NL =%
C * *
C * NUMERICAL SOLUTION i
C * %
C * LINEAR EQUILIERIUM ADSORPTION {R) *
C * IERO-CRDER PRCDUCTION {DZERO} *
C * FIRST—-0ORDER DECAY (DONE) ¥
C % DECAYING BOUNCARY CONDITION (DBND) *
C * %
C et e s o o el e ok e ok ik o ok o o o o o e ol i o ok e o R R et KR R R R R R R R R K
C
C

DIMENSION TITLE(20),C{200).+F(200),U(200),X{200)
C
C e e e i s . b

READ(541000) NC

DU l4 KK=1lyNC

READ(5,1001) TITLE

WRITEI&,1002) TITLE
C
C ——== READ AND WRITE INPUT PARAMETERS ———-

READ(5,1Q03) NE;NSTEPS,KSURF.KINITsuELX,DELT,PRDEL.DZERa.DUNE.UBND

READ(S5,1004} V+D4R,CI,CA,CB,TO

IF{KSURF.EQ.3}) WRITE{(€(,1005)

IF{KSURF.EQ.1) WRITE{E,10CE€)

WRITE(6:1007)

OB=ABS(CBND)

IFiDB.LT.0.00001} CB=C

HRITE(6,10081} NE.DELT,TO.NSTEPS,DELX-DZERU;V,CI,DONE,C,CA.DBND,R,C

18
C
C ______________

NN=NE+1

JFIKINIT) 14345
1 DO 2 I=1+NN
2 Ctly=Cl
GO TO ¢&
3 Y=SCRT{V*V+4.*¥DONE*D)
DG & I=1+KN
4 C(l)=DZERD/DDNE+(CI*DZERC/DUNLI*EXP((V-Y}*X(I}/(Z.*UJ}
GO TO 6
5 READ(5,1004} (Ct1}s4I=14RNN)
A DO 7 T=1yNN
7 X(1)=(I=-1}%DELX



http:IF(KSURF.EQ.11

V=yRDELT/DELX
O=D*DELT/DELX*%2
RN={R+0.5%DELT*00ONE )/ 6.
RO=(R-0.5%DELT*DONE )/ 6.
DZERO=DZERO®*DELT

DN=D-vxy/s,

DO=D+vxy/6.,

EN==0,5%DN+0. 25%V+RN
£0=0.5%D0-0,25%V+R 0
BN=-=0.5%DN~0., 25%V+RN
BO=0.5%D0+0.25%V+R0
U{1}=0.5%DN+0.25%V+2, 28RN
IF{KSURFLEQLL) J(l1)=1.0
DN2=DN+4 . %RN
D1=-0.5%D0~0.25%y+2 ,%RQ
02=-00+4,%R0

BND=1.0

IF{DB.GE.0.00001} BND=(EXP (DENU*DELTI—14 }/{ DBNO*UCLT}
IPRINT=PRDEL/DELT

TIME=0.0

[F{KSURF.EQ.1) C(1})=CA+(B
wikITE(6,1009]} TIMEL(X{I),C(1),1=1,NN]

DYNAMIC PART COF PRCGRAM
DO 12 TI=1,NSTEPS, IPKINT
BO 11 JJ=1,1IPRINT
TIME={II+J4=-1)%JELT
IF(TIME.ST.TO) CA=0.0
[FITIME.GT.T0) {8=0.0

—====CINSTRUCT aNUWN VECTQR=——=—
EXT=CB*EXP(—DaNO*T IME)

IF{KSURFLEQLL} F{1)=CA+EXT

IF{KSURF.EQ.3) F[li=Dl*C(1)+EO*C(2J+0.S*DL&HJ+V*(CA+BND*EXTJ
LG 8 I=2,NE

F(IJ=BO*C(I-lI+DZ*C(1]+EO*C(I+II+DZERO

————— SOLVE FOR NEW VALLES ~=———e
R=BN/U{1}
F{21=F{2)-R*F(1}
IFIKSURF.EQ.1) R=0.0
UL2} =DN2=R*EN

DO 9 I=3,NE
R=BN/U(I-1}
U{11=ON2-R*EN
FLI)=F{1)}=-R2F (-]}
CINNF=FINE)/{U{NEI*+EN)
DG 10 I=2,NN




MAIN

K=NN+1-1
10 CUKI=(F(K)—ENXC{K+1})/7U{K)
11 IF{KSURF.EQ.1} C(1}=F {1}
12 WRITE(6,1009) TIMES{(X{I1},C{I}s1=1,NN)}
14 CONTINUE

1000 FOURMAT(I5])

1601 FORMAT{20A4])

1002 FORMAT{1H1,10X,82(1H%)/11X,1H%*, 80Xy 1H*/11Xy1H%*¢IXs *UNE-DIMENSIONAL
1 CONYECTIVE-DISPERSIVE EQUATION® ;25Xs1H*/ 11X 1H* 80X 1H¥/11Xs1H%*4S
2X s "NUMERICAL SOLUTICN' 53X 1H*/11X, LH%,80X, L1H¥/ 11X 1H*4 93X, 'LINEAR
B3EQUILIBRIUM ADSURPTICN (R)*338Xs IH®/11X,1H*,9x, VZERU-CROER PRODUCT
410N {DZERC) ' 442X, LH*/ 11X 1H#%4GX *FIRST-LRUER Ot CAY {(UULNE}'s 47X, 1H*
S/11X ¢1H%,9X, *DECAYING BCUNDARY CONDITION {UBNDJ * 337X, 1H¥/11X,1H*,8
60X LH®/ 11X IH*,20A4 ,1H*/ 11X, 1H* 480X+ LH*}

1003 FORMAT{4]15,6F10.0}

1004 FORMAT(8F10.0}

1005 FORMAT(11Xs1H%,9X, 'THIRO-TYPE BOUNDARY CONDITIGN®,42Xs1H%)

1006 FUGRMAT{11X,1H#,9X, *FIRST-TYPE BOUNDARY CONDITION® 42Xy 1H%)

1007 FORMAT(LIX,1H*,80Xs1H¥/11X,82(1H*])

1008 FORMAT(//11Xs'INPUT PARAMETERSY/L11X,16(1H=)1//11Xs*NE ="'50Xs15+15Xy
1'DELT =, F9ub 415X, 'T0 =%,F11.4/11X, *NSTEPS =',17,415Xs'DELX ='3FF.4
2,15X 4 "DZERD =V 4FB8.4/11Xs%V =t ,F12.4,15Xs'CI =%,F11.4515X,*DONE =",
3FG.4/11X4%0 =*F12.4,15X3*CA =%y F11.4,15X,'DBND ='3F9.4/11Xs'R =1,
4F 1244 415X, 'CB =*(Fll.4)

1009 FORMAT(/11X,1031{1H*)/ /11X, 'CONCENTRATION AT TIME =',F10.4//3X,5{8X
Ly 'OEPTh! s 4X, " VALUET } 7 (4X,5{2XsF10.24F10.41))

STOP
END
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lable 14,

-—Sample output from computer program NI {numerical solution)

t‘tttt#t‘t‘*t.tt#"‘tt‘tt!ttttii*#‘t-‘#t‘ttt#‘t‘t‘lt¥‘#t¢$tt‘#¥*$#¥#¥t#vl##*ti‘t‘lt

ENPUT PAKAMETERS

ONE-DIMENS TONAL CONVECTIVE-CISPERSIVE EQUATION

NUMERIC AL SOLUTION

LINEAR EQUILIBRIUM ADSCRPTICN {R)

LERO-OROER PRODUCT IUN (DZERO)

FIRST-ORJER OECAY {OCNE}
DECAYING BOUNDARY CCNDITICN (DBND)

EXAMPLE A3-1
FIPST-TYPE BOUNDARY CONDITICHM

1.0000

{P=5}

DELT
DELX
Cl
CA
[}

0.2000
G.5000
0.0
1.0000
0.0

ttttttt‘v;t:#vt:;at*tatt«t*tttt*an-tasatta*ttstt#taats#tut*#a#;:mzt**tt;aaxtmttt

]
=
*
x
*
*
x
*
x
-
»
-
*
*
*

latatatatﬁtat¢##svttGttttvtttttt;#tt*-#’@tt:ttttt#t###t#t###ﬁ#ttv#;t#v#a*#tts#*ttt**tt*ttt#ttt#tt**t#tt

CONCENTRATION AT TIME

DEPTH
G.0
2.50
5.00
7.56

16.00

12.50

15.00

17.50

20.00

VALUE
1.0000
G.0

CoOQOoOOOo
DOoCOoOOO0O0D0

DERTH
8.50
3.00
5.50
8.00

LG, 50

13.00

15.50

i8.00

CEPTH
.00
3.50
&.00
8.50

11.08

13.50

16.00

iB.50

b
C
m

OO0 DO
LI T T ¥

QOO QOQOOor

JDEPTH
1.50
LI
[ 1Y)
9.00

1la.ou

14.00

16450

19.00

DEPTH
2.80
4.5§
7.00
9.50

12.00

14,50

17.00

19.50

=
(=
m

POoOOCOOoO O
COOoooOCor

LI I

t:tttats$#¢¢tﬂttt##t#tttt#tt=$tttt#at#tntt#ttttttt##!ttt#tttt#*#vtt#k***t#*#tt*t#$#itt*$tt¢*¥¥¥tt¥$#*#*

CONCENTRATIUN AT TIME

OEPTH
0.0
2.50
5.00
7.50

i¢.00

i2.50

15.00

17.50

20.00

VAL JE

1L.CD00
0.8750
0.6%595
0.5043
0.3235
0.1830
0.0909
0.0413
0.0268

DEPTH
.50
3.00
5.50
£8.00

10.50

13.00

15,50

18.06

5.00C¢C

VALUE

0.5818
08424
G.b6l0
G.465%
Q.2%17
0.1608
0.{779
0.0357

DEPTH
1.00
3,50
6.00
8.50

11.00

13.50

16.00

18.50

VALUE
0.9532
0.8089
Q6219
0.4285
0.2616
Q. 1405
0.0668
0.0313

DEPTH
1.50
4,00
6.50
2.00
11.50
14.00
16.50
19.00

YALJE

9348
QuTT30
0.5826
0.3921
0.2334
g.1221
G.05067
G.02ds

DEPTH
2.00
4450
T.00
9.50

12.00

14.50

17.G0

19.50

YALuie
G.9019
0.7322
Buduss
0.3270
[+ W11 I )
0-10%0
Gell4as
Ga0soa

ttptatatt:tt*stttvuea¢¢v=tttt1:tattssttntattaaa¢¢=v¢a¢¢t¢t¢¢¢¢#savttst*;*:gt#r;a#xtvas:ttnsa#;;mst*ttu¢

CONCENTRATION AT TIME
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DEPTH
Q.0
2.50
5. 80
1.50

10.00

12.50

15.¢0

17.50

20,00

VALUE
1.200¢

0.9506
C.5754
0.T750
0.6559
0.5294
0.4107
0.32060
Q.280%

DERTH
G.50
3.00
5.50
8.060

10.50

i3.900

i5.50
13.¢00

YALUE

0.9920
4.5375
¢.8572
Q.TE24
Q.6308
0.5045
0.389¢&
0.3C75

DEPTH
1.00
3.50
6.00
8.50

il.0C

13.5G

16.040

18.50

VALUE
0.92835
0.9257
B.8380
0.7291
UL 6054
0.4800
0.3697
0.2976

DEPTH
l.50
4.00
&.50
2.00

11.50

14.00

16.50

19.00

VALUE

0.9733
0.9087
(.8173
8.7052
0.5300
Gu4561
O.3514
0.2906

DEPTH
2.0¢
450
7.00
F.50

12.00

14.50

17.08

L9.50

VALJE

0.9624
0.8920
0.7968
Q.6a07
C.5546
044330
0.3347
U.2809

EFEEE LR RO CRE AT IR ARDL LA E R IR IR TR BN A REEERE BN FF TR EX G H R PENERS A EN S LR LRI NI I IR S bk ke hakhkk kp ok

CONCENTRATIGN AT TIME =

BEPTH
c.0
2.50
5.00
T.50

1c.00

12.50

15.00

17.50

20.00

VALUE

1.0000
0.5761
0.9384
4.u653
0.5176
C.T395
O.6601
0.5652
Q.5707

15.000¢

DEPTH VALUE
G.50 Q.59462
3.00 ¢.56%7
5.50 0.9290
8.00 0.8729
19.50 Q.802¢
13.00 0.7234
i5.50 0.£453
e .00 0.5861

DEPTH
1.00
3.50
6.08
8.50

11.00

13.50

16.00

i8.50

VALUE

0.9919
Q.3528
0.9190
C.8599
0.7873
0.7072
0.6312
0.578T7

DEPTH
1.58
. G0
6.50
5.00
11.50

H4.00
1650
i9.00

VALUE

C.98T2
$.9533
0.9084
Gatdébld
0.7716
0.6912
G.6180
0.5735

DEPTH
2400
4.50
T.00
%.50

i2.00Q

14.50

17.00

15.50

VALUE

G.9819
Q.9472
G.8972
0.8322
0.7550
Q.46755
Q.udbod
0.5Tu?

L T R T T Y P P PR T Y P P P Ao

CONCENTRATION AT TImE =

DEPTH
0.0
Z2.50
5.00
7.50

1¢.00

12.50

15,00

17.50

20.00

VALUE

1.0000
0.9875
0.9674
0.9387
0.9012
O.8567
0.8104
0.771%
G,7572

20.0006

JEPRTH YALUE

0.50 0.5%80
3.00 Q.5E41
5.50 0.54624
8.00 0.9319
L1G.50 0.8%27
13.00 G.8474
15.50 0.8017
18.00 0.7665

GEPTH
1.00
3.50
&.00
8.50
11.00
13.50
14.00
18.50

YALUE

0.5958
0.3804%
8.9570
0.9247
0.8840
G.83B0
0.793%
0.7621

DEPTR
1.50
4.00
6450
%.00

1i.50

14,00

16,50

19.00

VALUE

0.9933
C.976%
G.9513
Q.9172
0.875]
0.8287
g.7855
0.7589

DEPTH
2.00
4450
7.00
950

12.00

14.50

17.00

i9.50

VALUE

G.9905
G.5721
0.9452
0.90593
G.8650
Q8194
Q. 77464
G.707s

LRI E A R R L R Ry L PR LR R R R L R E TR R N ¥ R R L R EE F NN R Y P P P P R YR S R

CONCENTRATEIN AT TIME =

DEPTH
0.0
2.50
5.00
T.50

1¢.00

12.50

i5.030

17.50

23.00

VALUE

1.00020
0.9%32
0.9823
0.5666
0,9459
0.9212
2.8953
0.8737
0.8654

25.000¢
JEPTH VALUE
0.50 0.558%
3.0G 2-.5514
5.50 0.5756
8.00 0.9¢&25%
10.50 ¢.5413
13.00 0.916¢
15.50 G.850¢
18.00 0.870¢&

GEFTH
1.00
3.50
5-00
8.50

11.00

13.50

16.00

18.50

VALUJE
0.9977
J.9894
0.9708
G.9589
G-9364
2.9108
0. 8458
0.B4681

DEPTH
1.50
4. G0
6.50
2. 00

Li.50

14.00

fo.50

19.00

VALUE

0.9984
0.5872
0.9735
0. 9548
0,%9315
0.5056
G.8314
0, Boby

BePTH
¢+ 00
4,54
7.00
9.5

12.00

14.50

L7.00

19.50

VaLde

0.994%49
0.5984%
0.970¢
Je9504
C.%204
0.9004
G.BF73
O.8a54
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MUMERICAL SOLUTION

E
x
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¥
& LINEAR EQUILIBRIUM ADSCEPTICM (ki
* ZERO-CROER PROOCUCTION (DZERCS

® FIKST-ORDER DECAY {DOME)

e DECAYING BOUNDARY CONOITICA {DoNI!
L

&

F ]

E
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E

EXAMPLE Bl4-1

THIRD-TYPE BOUNDARY CCADITICH

LR R I R BRI N N

ttatt*#ttt#a?###x#t#t#tt#t*tt#tta#t*t#v#vuv;#:tstﬁva#tt#a#t##a###at###vxﬁ**t###¢#

INPUT PARAMETERS

BELT 8.1800 T2 = 1000.0000

BELX 2.5000 JIERD = 0.5000
25.0000 [ 0.0 DUNE ¢.0
37.5000 CA 0.0 0aNo §.2500
3.8000 {8 10.2008

ttv#;*#**tranqt¢t##avvt##t#t**##v##=¢##ut;tttttv#aaaa#:act:@vﬂtnvatttttmt*tz##*ttt##v#*#######tv#a###a#

CONCENTRATION AT TIME = 0.0

DErTH
0.0
12.50
25.03
17,53
50.00
&£2.50
T15.00
87.50
i60.08

b3
[t
n

DEPTH

2.50
L5.00
27.50
40.00
52.50
65.00
T7.50
90.00

>

cCocaooaorn
m

DEPTH

5.00
17.50
3¢.08
42.50
55.00
67.50
8G.00
92.50

>

DEPTH

7.50
20,00
32.50
45,60
57T.50
T0.00
82.50
95.20

o
Fry

OEPTH
13.00
22. 50
35.00
47.58
&Q.00
72.50
8§5.00
97.5Q

L.
n

COODODOO0 s

NI
DoODOoO00OOo0S
- * L] L] L3 - . 4
(o I oo T e T B e B
L IR ) L] LI T )
LoOCoCOo0QQor
BOCOOC OO
Poa oY F oa v a4 s L
OO0 oOoCooCr

CoCQoOoOoQor

AR R R b e bRl R L e L g L L g A AP S
CONCENTARATILN AT TIME = 2.5C08

DEPTH VALUE DEPYH VALUE DEPTH VALUE DEPTH VALUE DEPTH Valut

g.0 5.631% 2450 6.0518 5.00 &£.5153 7.50 O.8443 1¢.00 7.Q058
12.50 £.92T4 i5.00 5.5612 17.50 5.9075 20.00 540253 22.540 4.02%
25.00 3.0287 27.50 2.1557% 3¢.00 l.4¥32 32.50 0.9977 35.00 Q.7032
37.53 G.5420 40,00 Gu%Ehb 42,50 0.4323 45.00 0., 4209 47.30 0.4178
50.00 0.4168 52.590 0.4167 55.00 0.4167 57.50 C.4l67 80.00 Q.4L67
62.50 0.4167 65,00 Q.4167 67.50 Crb1a7? 70,00 O.4l61 72.50 Q4167
75.00 041567 17.50 O.4187 80.00 D.41567 42.50 0.4167 85.00 G.4167
87.50 O.4167 30,00 0.4167 92.50 0.4167 95.00 0.4167 ?7.50 G .4l67
1G0.00 G.4167

AR R AL AL R R L L R R S T P L L R LT T O Py Y T p P WA g e e P YU P G A P Ay

CCNCENTRATION &7 TIME = 5.000¢C




DEFTH VALUE DEPTH VALUE JEPTH VALUE DEPTH VALUE DEPTH VaLJE

2.0 3.0357 2.50 3.3212 5.00 3.6457 T.50 3.9792 10.00 4.3405
12.50 4.6959 i5.00 5.06E7 17.50 5.,43716 20.00 5.78561 22451 6.0%26
2%.02 6.330%9 27.50 &.4T37 30.20 644954 32.50 Ge3Ta? 35.00 6a.li35d
37,50 5.7144 40.30 5.1572 42.50 4.5993 45.00 349636 47.50 3.3542
50.00 2.7500 32.50 2.2399 55.00 1.8199 57.50 L.4935 60.00 1.25349
62.50 L.0880 L5.00 0.5785 o7.5Q 0.91247 70.00 0.874%90 72.50 0.45:9
75.00 0.8422 T7.50 0.8371 80.00 0.8440 82.50 0.0338 85.400 0.8335
87.50Q 0.8334 50,00 0.8333 Geadl 0.8333 35.00 0.H8333 Y7.50 0.833>

LoD.00 0.8333

I R L T R T T Y T e P e PP S e e R e e T e S R L P P e T PP I

CONCENTRATION AT TIME = 7.500¢C
DEPTH YALUE DEPTH VALUE DEPTH VALUE DEPTH VALUE JePTH VALJE
0.0 1.6389 2.50 1.8207 5.00 2.0132 7.50 222174 10.00 244340
12.50 2ab041 15.00 2.9084 17.50 3.1675 2Q.00 3.4418 22-50 3.7311
£5.03 4, 0343 27.50 4a349] 30.00 G.6715 32.50 4.9954 25.00 beslet
37.50 5.6117 40,00 5.8800 42.50 6.1026 45.00 &.264]1 47450 6.3303
50.00 b.3494 52.50 £.25491 55.00 b.062b 57.50 5.7805 od.00 5.41491
£2.50 4.5959 «5.,00 4.5326 67.50 4.0528 T0.00 3.5794 72450 3al327
75.00 2.7285 77.50 2.3712 80.00 2.0837 82.50 1.8476 85.00 L.go4y
87.50 1.5287 S0.00 l.421C §2.50 1.3636 95.00 1.3187 97.50 l.205%4d
1C0.00 1.2898

L Ll L L E T T Ty s I T T T e

CONCENTRATION AT TIME = 10.00040
DERTH vaLUL UEPTH VALUE DEPTH VALUE © DEPTH VALUE DEFTH VaLue
0.0 0.8912 2.50 1.0117 5.00 1.138G 7.50 1.2706 10.00 l.40%94
12.30 1.5565 15,00 1.7111 17.50 l.874l1 20400 2.0464 22450 2ua2f0U
25.00 2+4214% 27.50 2.6255 30.00 2.8415 32.50 3.0700 35.00 3.3112
37.5) 3.5551 40.00 3.82140 42,50 4.1077 45.00 4 .3930 47.54d 4.b6834
50.006 4.9T43 52.50 D.2551 55.00 2.5319 57.50 5.TB23 ou. 00 6.0011
&£2.50 b.1782 65.00 6.32035 67.50 ba3694 70.00 H-3083 72-50 ba25035
T5.00 6.15358 17.50 5.9425 80.00 5.6716 82.50 5.3438 85.00 4.9907
87.50 4.6088 50.00 4a2151 92.50 3.83548 $5.00 3.4720 47420 3.1540
100.00 3.1540

L L L T T T R T LR T Ly s R T P PR T E T T Y

CONCENTRATICN AT TIME = 12.5¢0C

DEPTH VALUE DERTH VaLUE DEPTH VALUE DEPTH VALUE DEPTH VALUJE
0.0 0.4510 2.50 0.57E7 5.00 0.5696 7.30 0.763Y 10.00 0.86106
12.50 0.9633 15.00 1.CE93 17.50 1.1798 £0.00 1.2953 22.b0 L.4l62
25.00 1.5428 27.50 167548 30.00 1.8155 32.50 1.9625 35.00 2.117%3
37.50 2.2807 40.00 2.4530 42.50 2.6350 45.00 2.8271 47.50 3.0299
50.00 3.2438 52.50 3.46E3 55.00 3.T037 57.50 3.9494 460.00 442039
&£2.50 4.4656 65.00 4.T31¢& &£T.50 4.9985 70.00 5.2618 72.50 S.51l60
T5.00 5.7548 T7.50 5.6715 80.00 6. 1587 82.400 5.3092 85.00 64162
87.50 &.4T32 90.00 &.4T81 92.50 ba4265 »5. 00 &6.3216 37.50 b.1l898

100.00 6.1898
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