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Chapter 4 Transport Phenomena

Position: x
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|

Time: ¢

<

Figure 4.A.2 Advective flux of contaminant through a tube.
The two pictures represent the same tube at two points in time,
rand t + At, where Ar = AL/U.

per time:

\HQXDN\X\»HOQ 4.A1)
a A(AL/U)

In general, the three-dimensional advective flux vector is the product of the con-
taminant concentration and the fluid velocity:

T (x,y,2) = C(x, 5, 2) X m? ¥, 2) (4.A2)

4.A.3 Molecular Diffusion

The molecules in air and water are constantly moving. If it could be viewed at a mo-
lecular scale, this movement would appear random and chaotic. Molecular movement
in gases is particularly frenzied. In air at ordinary environmental conditions, a typical
molecule, moving at a speed of ~400 ms™, collides with other molecules on the order
of 10 billion times per second. Each collision involves an exchange of momentum be-
tween the participants, causing them to change direction and speed. Every cubic centi-
meter of air has a phenomenally large number of molecules (~25 million trillion at
T =298 K and P = 1 atm) participating in this dance. In water, where the molecules
are packed a thousand times more densely, molecular motion is less frenetic, but stilt
extremely energetic.

Although the molecular-scale motion seems hopelessly disordered, the macro-
scopic effects are well understood and predictable. Qualitatively, the random motion
of fluid molecules causes a net movement of species from regions of high concentra-
tion to regions of low concentration. This phenomenon is known as molecular diffu-
sion. The rate of movement depends on the concentration difference, with larger
differences leading to higher rates of transport. The rate also varies according to how
far the species must travel from high to low concentration: The longer the distance,
the lower the flux. The rate of transport varies according to the molecular properties of
the species, particularly size and mass, with larger size and larger mass resulting in
slower transport. The properties of the fluid itself play a key role: Molecular diffusion
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is much slower in water than in air because of the much closer packing density of wa-
ter molecules.

Our discussion is restricted to conditions in which the diffusing species is present
at a fow mole fraction (1), referred to as the infinite dilution condition. In most en-
vironmental engineering applications, this assumption is appropriate. At high concen-
trations, diffusion can cause significant net flow of the bulk fluid (Bird et al., 1960;
Cussler, 1984).

Fick’s Law

To better understand diffusion, it is useful to think about a specific physical system,
such as the one depicted in Figure 4.A.3. A glass bulb at 25 °C contains a liquid with
a moderate vapor pressure, such as ethylbenzene (1280 Pa at 25 °C; see Table 3.B.1).
The bulb is open to the air through a thin cylindrical glass tube. Ethylbenzene mole-
cules evaporate from the liquid, maintaining a partial pressure in the gas phase of the
bulb equal to the saturation vapor pressure. Because of their random motion, the eth-
ylbenzene molecules gradually migrate through the tube and escape into the open air.
After a short transient period, the net rate of transport of ethylbenzene molecules
through the tube will reach a steady value that will be maintained as long as there is
liquid ethylbenzene in the bulb. The escape rate of ethylbenzene from the tube varies
in inverse proportion to tube length, in proportion to the cross-sectional area of the
tube, and in proportion to the partial pressure of the species in the bulb. These charac-
teristics can be expressed quantitatively by the relationship

AC
Ax

where J, is the diffusive flux density (moles per cross-sectional area of the tube per
time), AC is the change in concentration of ethylbenzene molecules across the tube,
and Ax is the tube length. The minus sign appears in this relationship to remind us that
the diffusive flux proceeds in the direction of decreasing concentration.

By introducing the proportionality constant, D, this expression can be converted
to an equation:

Jyo — (4.A3)

AC
J,= -D=—= 4.A4
d Ax ¢ )
The constant, D, is called the diffusion coefficient, or diffusivity. It is a property of the

diffusing species (ethylbenzene in this case), the fluid through which it is diffusing

sat

RTL Figure 4.A.3 Apparatus for producing a
controlled diffusive flux of a volatile species.
P, is the saturation vapor pressure of the
species at temperature 7. Provided that the time
scale for evaporation and condensation is much
P, more rapid than the time scale for diffusion

RT through the tube, 2 molar concentration Py, /RT
Volatile liquid ~ Will be attained throughout the bulb. The vapor
maintained at molecules will diffuse through the tube with a
temperature T pet diffusive flux J,.
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(air), and environmental conditions such as temperature and pressure. The diffusion cesses that occur on surfaces. Often, the rate of transport to the surface governs the

coefficient has dimensions of length squared per time; typically, D is reported in units
of cm? s~. For molecules in air, a characteristic diffusivity is 0.1 cm?s™". In water, mo-
lecular diffusivities are on the order of 10~ cm? s

If we treat a fluid as a continuous substance, and take the limit of equation 4.A.4
as the distance Ax becomes infinitesimally small, we can replace AC/Ax by the deriv-
ative dCldx and write

(o
J, = —-D== 4.A5
d dx )

For applications in three dimensions, the general equation for diffusive flux can be
written as follows:

2 9c %) @A6)

5

Jalxy,2)= bﬁmx, dy’ 9z
In words, equation 4.A.6 states that each component of the flux vector is proportional
to the partial derivative of concentration in that coordinate direction, and the propor-
tionality constant is —D for each direction. So diffusive flux occurs in the direction op-
posite to the concentration gradient at a rate that is proportional to its magnitude.
Equations 4.A.5 and 4.A.6 are known as Fick’s first law of diffusion, or simply Fick’s
law. See Exhibit 4.A.1 for more details about the system depicted in Figure 4.A.3.

Significance of Diffusion

Diffusion is a slow transport process. Albert Einstein showed that the characteristic
distance a molecule (or a particle) will travel by diffusion in time ¢ is given by

x~ 2Dt (4.A7)

So a gas molecule with a diffusivity of 0.1 cm? s7' can be expected to move a charac-
teristic distance of 5 mm in a second, 3 cm in a minute, 30 cm in an hour, and I mina
day. Molecules in water, with diffusivities lower by a factor of 107, will travel only 1
percent as far on these time scales.

Another perspective is gained by comparing the simple form of Fick’s law (equa-
tion 4.A.4) with the simple advective flux expression (equation 4.A.1). If a specics
concentration diminishes from C to zero over some distance Ax, then diffusion causes
transport at a rate equivalent to advection at a velocity D/Ax. Given the small values of
D for air and especially for water, we see that the effective diffusive velocity is very
small except when the concentration changes by a large fractional amount over a very
small distance.

Although molecular diffusion is a slow process, it plays a very important role in
contaminant transport and fate. Diffusion is particularly important at interfaces, for
example between two fluids such as air and water, or at solid-fluid interfaces. There
can be no fluid advection at an interface in the direction normal to the surface. So im-
purities cannot be transported by advection all the way to an interface. Instead, some
other transport mechanism must convey the species through a small distance, known
as a boundary layer, to the interface. For uncharged molecular impurities, diffusion is
the dominant mechanism of transport through boundary layers. For ions and particles,
diffusion always contributes, although other mechanisms such as electrostatic drift
and gravitational settling may also play a role. These details are important because
impurities may be removed from a fluid by deposition or other transformation pro-

overall removal rate.

EXHIBIT 4.A.1 An Application of Diffusion

Let’s further explore the behavior of the system
depicted in Figure 4.A.3. Devices like this are
used to release a volatile substance at a constant
rate. By diluting the emissions from the top of the
tube with a known flow rate of contaminant-free
air, one generates an air stream with a constant,
known concentration of the volatile substance.
This air stream can be used for instrument calibra-
tion among other purposes.

When liquid is first placed into the bulb, some
time must elapse before the diffusive flux leaving
the tube reaches a steady value. An estimate of this
time is obtained by rearranging equation 4.A.7
(substituting Tgigusion for ¢ and L for x):

FN

Tdtfusion ~ N'bl (4.A.8)

This expression yields an estimate of the time
required for a molecule to diffuse through some
distance L. It is a good estimate for the charac-
teristic time required to establish a steady con-
centration profile throughout the tube length.
For typical values in a device of this sort, L ~
Scmand D ~ 0.1 cm? 571, s0 Tgiffusion — 2 ML
With conditions held steady for a time ¢ >>
Taiffusion- the flux will approach a steady value

~

2

d

¢ Pat
dx

T RTL

=
=3

L

Species concentration, C

0

that will be maintained as long as liquid remains
in the bulb.

The characteristic time for the liquid to com-
pletely evaporate is obtained as the number of
moles of liquid in the bulb divided by the molar
rate of escape by diffusion:

()
MW

Tevaporation ™~ .\m|.> (4.A.9)
where p is the liquid density, V is the liquid volume,
MW is the molecular weight of the diffusing spe-
cies, and A is the cross-sectional area of the tube.
For the case of ethylbenzene, we can estimate an
evaporation time, 7.,oorion ~ 4 X 107 s~ 500 d.
We have assumed the following values for the input
data: pV = 1 g, MW = 106 g mol”', J, =72 X
10° mol em™> 5™ (D = 0.07 cm® 57}, P, = 1280
Pa,R = 831 X 10°cm’ PaK ™' mot™!, T = 298K,
and L = 5 ¢m), and A = 0.031 cm? (0.2 cm inner
tube diameter). For times f that satisfy 7g.q0n <<
! Toyaporation the diffusive flux from the tube
into the air will be constant. During this time inter-
val, the concentration profile within the tube will
also be constant, varying linearly with position x, as
shown in Figure 4.A 4.

Figure 4.A.4 Steady concentration profile

Distance along tube, x

within the tube shown in Figure 4.A 3, valid for

times ¢ that satisfy 74 on << ¢ <K Tevaporation®

Diffusivity of Molecules in Air

Predictions of diffusive flux depend on the selection of an appropriate diffusion coef-
ficient, D. Measured diffusion coefficients for selected species in air are presented in
Table 4.A.2. This table emphasizes species of environmental interest, with air at ordi-
nary environmental temperatures and pressures as the background fluid. Note that
there are discrepancies in the data reported from different sources (e.g., ammonia).
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Table 4.A.2 Measured Diffusion Coefficients for Species in Air at | atm

Species Formula T(K) D AnBN m\_v Reference?
Ammonia NH, 273 0.198 Bretsznajder, 1971
273 0.216 McCabe et al., 1993
Benzene CsHg 273 0.077 McCabe et al., 1993
2982 0.096 Cussler, 1984
Carbon dioxide CO, 273 0.138 McCabe et al., 1993
317.2 0.177 Cussler, 1984
Ethanol C,H;OH 273 0.102 McCabe et al., 1993; Cussler, 1984
313 0.147 Reid et al., 1987 (pressure = | bar)
Helium He 276.2 0.624 Cussler, 1984
Hydrogen H, 273 0.611 Cussler, 1984; McCabe et al., 1993
Methane CH, 273 0.196 Cussler, 1984
Methyl alcohol CH,0H 273 0.133 McCabe et al., 1993
n-Octane CgHig 273 0.051 McCabe et al., 1993
Naphthalene C,oHg 273 0.051 McCabe et al., 1993
303 0.087 Reid et al., 1987
Oxygen 0O, 273 0.178 Cussler, 1984; McCabe et al., 1993
Toluene C,Hg 273 0.071 McCabe et al., 1993
299.1 0.086 Cussler, 1984
Water H,O 273 0.219 Bretsznajder, 1971; McCabe et al., 1993
289.1 0.282 Cussler, 1984
298.2 0.260 Cussler, 1984
312.6 0.277 Cussler, 1984
313 0.292 Reid et al., 1987

3When two sources disagree by less than 5 percent, only one value is listed.

The data in Table 4.A.2 show that the diffusivity of gases in air varies over about
an order of magnitude from about 0.05 cm? s~ for large organic molecules (n-octane
and naphthalene) to about 0.6 cm? s7! for helium and hydrogen. Diffusivities increase

with increasing temperature because of the higher kinetic energy of the molecules.

Diffusivities of Molecular Species in Water

Experimental data for selected species in water are presented in Table 4.A.3. These

data exhibit a range of about a factor of 5.

4.A.4 Dispersion

Our everyday experience tells us that impurities released into open air or water do not
remain confined at high concentration in a small volume for very long. Cooking
odors, incense, and cigarette smoke all become detectable throughout an indoor space
within minutes of their release. The visible smoke plume from a fire can be seen to
spread significantly as it travels downwind. The rate of contaminant spreading is of
substantial interest in environmental engineering. And although fundamentally it oc-
curs as a result of advection and diffusion, the rate of spreading is much more rapid
than might be inferred from the discussion so far.
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Table 4.A.3 Measured Diffusion Coefficients for Species in Water

Ethylbenzene CgHy, 293 0.81
Oxygen 0, 298 2.60
Vinyi chloride C,H,Cl 298 1.34

107 Reid et al., 1987
i0° Bretsznajder, 1971
10°  Reidetal, 1987

Species Formula T (K) Dcm*s™h Reference®
Benzene CgHg 298 1.02 x 107° Cussler, 1984
Hydrogen H, 298 3.36 X 107 Bretsznajder, 1971
298 450 X 10 Cussler, 1984
Air 298 2.00 X 10 Cussler, 1984
Methane CH, 275 0.85 X 107 Reidetal, 1987
Carbon dioxide Cco, 298 2.00 x 107 Reid et al., 1987
Methanol CH,0H 288 1.26 X 10 Reid etal., 1987
298 0.84 X 10 Cussler, 1984
Ethanol C,H;OH 288 1.00 X 107 Reidetal,, 1987
298 0.84 X 10 Cussler, 1984
X
X
X

*When two sources disagree by less than 5 percent. only one value is listed.

Uniform, steady advection does not cause pollutant spreading, and we have seen
that molecular diffusion is a slow process. Consider the following situation (Cussler,
1984). Imagine that a thin stream of smoke particles is released along the western
coast of the United States and is steadily advected at a constant, uniform wind speed
of 5 m s™' to the eastern coast. Assume that particles have a diameter of 0.1 pm. How
much spreading of the plume will occur by diffusion during this transcontinental
travel? The time required for the wind to travel that distance is ~10%s or 12 d (5000
km = 5 m s™'). In Example 4.B.3 it will be shown that a 0.1 wm particle has a diffu-
sivity in air of 7 X 107 cm? 57!, The plume spread caused by diffusion is estimated to
be the characteristic distance traveled due to Brownian motion, which, according to
equation 4.A.7, is roughly 4 cm. Clearly, this is not an accurate description! It is en-
tirely contrary to our experience to think that we could even detect a smoke plume at a
distance of 5000 km from its source. Yet this example accurately applies the tools and
concepts we have introduced. What went wrong?

Our error was made in assuming that the wind speed is uniform and steady. It is a
property of most fluid flows, including winds and ocean currents, that they are neither
constant nor uniform. When fluid velocity varies with time or position, contaminants
in the fluid tend to be transported from high concentration to low concentration. The
spreading of contaminants by nonuniform flows is called dispersion.* It is not a fun-
damentally distinct transport process. Instead, dispersion is caused by nonuniform ad-
vection and influenced by diffusion.

Figure 4.A.5 illustrates why it is important to incorporate dispersion into the
analysis of environmental transport. Pollutants are shown being released from an ele-
vated stack and blowing downwind. The left-hand figures show that in the case of
weak dispersion, the plume spreads stowly. Downwind of the source, the peak con-
centrations remain very high near the plume centerline and the pollutants do not
spread rapidly to the ground. On the right, dispersion is strong. The concentrations
within the plume are diminished rapidly by dispersion, but the plume reaches the
ground much nearer to the source. This trade-off is characteristic of the effect that

*We will use the term dispersion to include both shear-flow dispersion and turbulent diffusion.




168 Chapter 4 Transport Phenomena

Slow dispersion Rapid dispersion

/i Wind
Wind 1

Side
view
Top ® -
view
Peak concentration high, Peak concentration low,
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Figure 4.A.5 Effect of dispersion on pollutant concentrations
downwind of a localized source. If the release rate of pollutants and
mean wind speed are the same in the left- and right-hand frames,
then the total flow of pollutants is the same in the two cases. Rapid
dispersion leads to smaller peak concentrations but a larger impact
area.

dispersion has in all environmental settings: High dispersion rates reduce average
concentrations at the expense of increasing the area or duration of impact. A common
challenge in environmental transport modeling is to predict concentrations in the re-
gion downwind or downstream of a pollution source. To make these predictions in the
face of dispersion phenomena, we must solve two problems. First, we must have a
model that describes pollutant concentration fields in the presence of dispersion. Sec-
ond, we must be able to determine how the rate of dispersion varies with environmen-
tal conditions.

In complex flow fields, it is impossible (or at least impractical) to describe fluid
velocity exactly as a function of space and time. Without this information, dispersion
cannot be accurately described in terms of the fundamental mechanisms of advection
and molecular diffusion. As an alternative, dispersion can be treated as a random pro-
cess, analogous to molecular diffusion, by applying Fick’s first law of diffusion with
the molecular diffusion coefficient replaced by a dispersion coefficient. So in one di-
mension, we would write

Jspersion = ~ mmlm 4.A.10)
where ¢ is a dispersion coefficient, obtained through a combination of empirical data
and theoretical equations.

Although equation 4.A.10 has the same form as Fick’s first law, it is important to
bear in mind the great distinction between diffusion and dispersion. Diffusivities are
properties of the contaminant and the fluid, depending weakly on environmental con-
ditions (such as temperature) but not at all on fluid flows. Dispersion coefficients, on
the other hand, are primarily a function of the fluid flow field. Environmental flows
are highly variable and very complex. Dispersion in environmental flows is far less
well understood than molecular diffusion. One should not expect a high degree of ac-
curacy from any models that must account for dispersion, especially when applied to
environmental transport.
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Dispersion phenomena arise in all three branches of environmental engineering
discussed in this text. Figure 4.A.5 illustrates one of many instances that arise in air
quality engineering. In water quality, the impact of wastewater discharges on contami-
nant concentrations in rivers, lakes, or oceans depend on dispersion. In hazardous
waste management, dispersion controls the movement of contaminants in groundwater.

Several types of dispersion phenomena are encountered in environmental engi-
neering. In this section, two common types are introduced: shear-flow dispersion and
turbulent diffusion.

Shear-Flow Dispersion

In a shear flow, the fluid speed varies with position in a direction that is perpendicular
to the fluid velocity. If contaminant concentrations in a shear flow vary in the direc-
tion of flow, then dispersion will occur, leading to a net transport of contaminants
from regions of high concentration to areas of low concentration.

Shear-flow dispersion is generally important when there is a short-term release of
contaminants, such as a spill, in environments in which the velocity gradients are
large, such as a river, an estuary influenced by tides, or the near-ground atmosphere.
Let’s consider a relatively simple example: shear-flow dispersion in fully developed
laminar flow through a circular tube or pipe (Figure 4.A.6). The velocity profile of the
fluid flow is parabolic because of wall friction. At time ¢ = 0, some mass, M, of con-
taminant is injected into the tube at position x = 0 and instantaneously mixed laterally
so that its concentration is uniform across the tube. We then observe the contaminant
as it is advected past some position, L, downstream. The upper frame in the figure
shows the initial condition. The lower frame shows the tube at a subsequent time, t =
L/U,. At the later time, the contaminant pulse is centered on downstream position x =
L, but it has been substantially stretched because those molecules that lie close to the
centerline of the tube are advected at a higher velocity than those near the wall. At the
same time, contaminant molecules positioned near the leading edge of the pulse and
near the center of the tube tend to diffuse toward the walls, reducing their average for-
ward velocity. Conversely, contaminant molecules located near the trailing edge of the
pulse along the tube walls tend to diffuse toward the center, increasing their forward
velocity. Therefore, surprisingly, the net effect of molecular diffusion is to slow the
rate of dispersion, in this case.

Fluid velocity
Position: x =0 profile x

Time
I t=0

Injected Dispersed
pulse pulse

Figure 4.A.6 Schematic of a model problem illustrating the
effects of shear-flow dispersion.
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For the situation depicted in Figure 4.A.6, the contaminant flux in the direction of
flow can be described as the sum of two components: (1) advection, which transports
the overall pulse through the tube, and (2) shear-flow dispersion, which causes the
pulse to become stretched as it travels. The flux in the direction of flow caused by
shear-flow dispersion is written as

= g4z (4.A.11)

J
dx

s
where £, is the shear-flow dispersivity and C(x) represents the contaminant concentra-
tion averaged over a cross-section of the tube at position x.

Shear-flow dispersion is most commonly applied to predict the transport of con-
taminants in systems in which the flow is confined. In addition to pipe or tube flow,
shear-flow dispersion is applied to study pollutant transport in rivers and in estuarine
environments influenced by tides.

Turbulent Diffusion

In most systems encountered in environmental engineering, fluid flows are turbulent
rather than laminar. Whereas for laminar flows we can determine the fluid velocity
field at each instant and each position, turbulent flows fluctuate in such a manner that
predictions are nearly impossible. Instead, we describe turbulent flows in terms of their
statistical properties, such as the mean speed and the average size of the fluctuations.

Like molecular diffusion, the apparently random motion that is characteristic of
twrbulent flows causes a net flux of a contaminant from high to low concentrations.
This flux is often described by an equation that is analogous to Fick’s law:

J,= lﬁmm (4.A.12)
where ¢, is the turbulent diffusion coefficient and C now denotes the time-averaged
value of concentration. For application in threc dimensions, this expression can be
generalized to vector form:

ll wﬁ.mﬁmﬁ,
Jy = Ihmzw, ,mc.Mmu mawmv 3.>.;v

Here ¢,,, €,,, and &, represent the turbulent diffusion coefficients, or eddy diffusivities
in the x, y, and z directions, respectively. Typically, for turbulent transport in the atmo-
sphere or in natural waters, the coordinate system is arranged so that x and y lie in the
horizontal plane and z is vertical. Vertical eddy diffusivity generally differs from hori-
zontal eddy diffusivity. Usually, though, it is assumed that £, = &,,,.

To help visualize the impact of turbulence on pollutant dispersion, ignite some-
thing that will generate a visible smoke plume, such as a cigarette or some incense.
Place the smoldering object indoors in still air with lighting that permits good obser-
vation of the plume. (For example, position a high-intensity desk lamp on the opposite
side of the plume from you, but just out of your line of sight, and direct the light at the
plume.) If the air is sufficiently stili so that the buoyancy of the plume controls its mo-
tion, you will see the plume rise in a steady, narrow stream for a distance on the order
of 10-30 cm, then buckle, and finally break up into turbulent eddies. The flow in the
lower portion of the plume is laminar, and the flow in the upper portion is turbulent. If
you now imagine that the concentration of smoke particles is to be determined on a
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Turbulent
region

Laminar
region . 10 cm

_ Figure 4.A.7 Schematic representation of time-averaged
smoke plume rising from a smoldering cigarette in still air.

time-averaged basis, over a minute or so, you should arrive at a picture like the one
shown in Figure 4.A.7. The broadening of the plume in the turbulent region is a direct
consequence of turbulent air motion. The mean fluid flow is still upward, but there are
fluctuating horizontal components of the flow that cause rapid pollutant dispersion in
the horizontal direction. For environmental engineering applications, this is a key
property of turbulence: In unbounded flow, turbulent diffusion controls the transport
of pollutants in directions normal to the mean flow.

Figure 4.A.8 depicts a plume spreading from a point source discharging either to
water or to air. A horizontal slice through the center of the plume is shown from
above, and the mean fluid velocity is oriented from left to right. The coordinates are
oriented so that x is aligned with the mean velocity and y represents the horizontal dis-
tance from the plume centerline. The origin is positioned at the source.

Assume that the rate of pollutant discharge is constant and the mean fluid velocity is
independent of position and time. Then Figure 4.A.8 represents the average conditions
over some period, such as an hour. On this basis, the plume spreads fairly smoothly and
symmetrically from the source. The coordinate axes at right show the time-averaged
concentration profile plotted against y at some distance away from the source. The peak
concentration occurs at y = 0 and gradually approaches zero as the distance from the
centerline increases. The spreading of the plume in the y-direction is controiled by tur-
bulent diffusion.

A practical challenge in the use of equation 4.A.13 is to determine the turbulent
diffusivities. These parameters vary not only with flow conditions, but also with po-
sition and direction. For example, turbulent diffusivities diminish to zero at rigid
fluid boundaries, because the fluid velocity itself goes to zero. Correlations exist for

Figure 4.A.8 Plume spreading from a

point source. The pollutant discharge

rate is constant and the mean fluid

m velocity is steady and uniform, but the
flow is turbulent.




172 Chapter 4 Transport Phenomena

predicting turbulent diffusivities, but these should be used cautiously, as the support-
ing experimental data are limited.

Turbulent diffusivities are higher in rivers than in regular channels because the ir-
regularities in the river channel create additional irregularities in the flow, which tend
to enhance mixing. Turbulent diffusivities in rivers are an order of magnitude smaller
than longitudinal (shear-flow) dispersion coefficients. Consequently, studies of trans-
port and mixing in rivers typically account for transport across the flow by turbulent
diffusion and along the flow by advection and shear-flow dispersion. Vertical transport
is assumed to occur very rapidly, since most rivers are much wider than deep.

In the atmosphere, turbulent diffusion is especially important in the vertical direc-
tion. Most pollutants are emitted near the ground, and the rate and extent of vertical
turbulent diffusion strongly influences ground-level concentrations. Atmospheric sta-
bility, as will be discussed in §7.D, has a very strong influence on turbulent diffusivities,
especially in the vertical direction. In unstable conditions, which are characterized by
strong heating of the ground by the sun, vertical velocity fluctuations are strong and tur-
bulent diffusivities are high.

Typical turbulent diffusivity values for both rivers and the atmosphere exceed by
many orders of magnitude molecular diffusivities of contaminants. This observation
reinforces the point that pollutant dispersion away from fluid boundaries is controlied
by a combination of shear-flow dispersion and turbulent diffusion, and not by molecu-
lar or Brownian motion.
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4.C

ASS TRANSFER AT FLUID BOUNDARIES

Several important phenomena occur at the boundaries of fluids. The rate of contami-
nant transport to and from these boundaries may have a strong influence on contami-
nant concentration. This influence occurs in both natural and engineered systems.
Contaminants can enter or leave a fluid at a boundary, and they may also undergo
chemical transformations there. The boundaries of interest include air-water interfaces
as well as boundaries between either air or water and (a) soil, (b) other solid surfaces,
or (¢) nonaqueous liquids such as fuels and solvents.

There is a close relationship between the transport phenomena explored in this
section and the transformation processes involving phase change discussed in §3.B. In
fact, the distinction between transport and transformation is somewhat blurred here.
The kinetics of phase change processes depend, in general, both on the rate of trans-
port to or from the fluid boundary and the kinetics of the transformation processes.
Transport and transformation processes occur serially, so the slower process governs
the overall rate.

Transport across air-water interfaces is of particular interest in environmental engi-
neering. Several treatment technologies involve transferring pollutants from one phase
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to the other. For example, scrubbers remove acid gases such as sulfur dioxide and hy-
drochiloric acid from waste air streams by transferring them to water, where they can
easily be neutralized. Air strippers remove volatile organic compounds from water.
Once the organic molecules are transferred to the gas phase, they can be more easily
captured by sorption or destroyed by oxidation processes. In nature, air-water ex-
changes are also important. The transfer of oxygen from air to water supports aquatic
life. The ultimate fate of many air pollutants involves transfer to cloud or rainwater fol-
lowed by deposition to the earth’s surface. The uptake of carbon dioxide by the oceans
plays a key role in moderating the impact of fossil fuel combustion on climate.

Transport to a fluid boundary may occur by a variety of mechanisms. Diffusion is
always present and often is the rate-limiting process because, at rigid boundaries, flow
velocities diminish to zero. Advection usually plays a role in controlling the thickness
of the layer through which diffusion must occur. For particles, gravitational settling,
electrostatic drift, inertial drift, and other mechanisms may dominate transport near
boundaries.

For engineering analysis of transport processes at fluid boundaries, we seek a de-
scription that captures the overall effects, that does not violate central principles such
as mass conservation, and that is practical to apply. We will employ models that link
flux to concentrations and may include an empirical parameter. In the case of turbu-
lent diffusion, we used an equation inspired by Fick’s law of diffusion, and the empir-
ical parameter was turbulent diffusivity. For mass transfer at boundaries, similarly
inspired flux equations will be written that incorporate a mass-transfer coefficient as
the empirical parameter.

4.C.1 Mass-Transfer Coefficient

The net rate of mass flux between a fluid and its boundary is commonly expressed in
this form:

Iy =k, (C— C) @.C.1)

Here J, is the net flux to the boundary (amount of species per area per time). When J,
is greater than zero, the flux direction is from the fluid to the boundary; when J, is less
than zero, the flux is directed from the boundary to the fluid. The concentration terms
C and C, respectively, represent the species concentration in the bulk fluid far from
the boundary and the species concentration in the fluid immediately adjacent to the
boundary. The other parameter in this equation, k,,, is known as a mass-transfer coeffi-
cient. The mass-transfer coefficient commonly has units of velocity (length per time).

Figure 4.C.1 shows a simple system for which a mass-transfer coefficient can be
directly derived. A glass cylinder is partly filled with a pure volatile liquid (with a sat-

(

Stagnant air

—
Position

K oA Figure 4.C.1 A simple system in which a
Volatile liquid [ C C, mass-transfer coefficient can be directly
N~ Concentration determined.
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uration vapor pressure << 1 atm). The remainder of the cylinder contains stagnant air.
Molecules of the liquid evaporate, diffuse through the cylinder, and escape from the
open top into the free air. Provided that diffusion is not too rapid, the gas-phase con-
centration of the diffusing species at the liquid-gas interface will be determined di-
rectly as P_,/(RT), where P, is the equilibrium vapor pressure of the liquid. Assume
that the concentration at the top of the cylinder is maintained at some value, C, deter-
mined by processes occurring in the open air. After an initial transient period, during
which the gas-phase concentration profiles may change, a steady-state linear profile
will be established, as depicted in Figure 4.C.1. The diffusive flux through the tube,
J,, is given by Fick’s law as

J,=D—Lt— (4.C2)

The net transport rate from the air to the liquid is equal to the negative of the diffusive
flux, J,. Comparing equation 4.C.2 with equation 4.C.1, we see that the mass-transfer
coefficient for this system is

k, = w (4.C.3)
This is a general result, provided that the concentration profile is steady: For pure dif-
fusion through a stagnant layer, the mass-transfer coefficient is given by the diffusivity
divided by the thickness of the layer.

A second case is illustrated in Figure 4.C.2. Particles are suspended in a fluid
above a horizontal boundary. The fluid is motionless, the particle concentration is uni-
form, and the particles migrate only because of gravitational settling. All particles are
assumed to have the same settling velocity, v, The concentration of particles in the
fluid at the interface is taken to be zero. This may seem peculiar, since the particles
accumulate on the bottom boundary. However, provided resuspension does not occur
(as it will not in a stagnant fluid), once the particles strike the boundary, they are no
longer suspended in the fluid, and so it is reasonable to assign C; = 0. The gravita-
tional flux to the surface, J,, is then given by

J,=v,C (4.C4)

Figure 4.C.2 In a uniform suspension of monodisperse
particles settling through a stagnant fluid onto a horizontal
surface, the mass-transfer coefficient is equal to the settling
velocity.
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Comparing this result with equation 4.C.1, we see that for this case the mass-transfer
coefficient is equal to the particle settling velocity:

L o=y (4.C.5)

This too is a general result. Whenever contaminant transport to a surface occurs
solely because of a net migration velocity, the mass-transfer coefficient is equal to
that velocity.

These examples yield exact expressions for the mass-transfer coefficient. How-
ever, in most applications, the use of a mass-transfer coefficient is a simplified de-
scription of what is a very complicated set of processes. Therefore, a high degree of
precision should not be expected in problems involving mass transfer at boundaries.

Applying equation 4.C.1 wisely requires a sound understanding of the meaning of
each of the four variables. First, let’s consider the concentration at the interface, C;. In
many cases, C; can be taken to be zero. This is appropriate when a transformation pro-
cess that is fast and irreversible occurs at the boundary. Particle deposition by settling
is one example where C, is zero: When a particle strikes a surface with a low incident
velocity, it adheres essentially immediately. Chemical transformations can also pro-
duce an interface concentration of zero if transport, rather than surface-reaction kinet-
ics, is the rate-limiting step. In some cases, such as that shown in Figure 4.C.1, the
interface concentration can be determined by assuming local equilibrium at the
boundary.

An important issue arises concerning the species concentration in bulk fluid, C:
Where should it be determined? The issue is easily resolved when the fluid is well
mixed outside of a thin boundary layer (see Figure 4.C.3). Then C is the concentration
anywhere outside the boundary layer. However, some circumstances arise in environ-
mental engineering in which species concentrations vary strongly with position
throughout the fluid. In such cases, the use of a mass-transfer coefficient may yield no
more than a rough approximation of the mass-transfer rate at surfaces.

A complication arises when the fluid boundary occurs at a surface that has a com-
plex texture. If J, represents the quantity of contaminant transferred per area per time,
how do we define the area? Typically, the flux to rough surfaces is determined on the
basis of a superficial or apparent area. In other cases, rather than determining the in-
terface area and the mass-transfer coefficient separately, their product is determined
and the mass-transfer equation is rewritten in terms of total net transfer of species
(flux times area) rather than in terms of flux.

The final issue to address is how an appropriate mass-transfer coefficient is deter-
mined for a given situation. There are two main approaches, and both are widely used.
For systems with fairly regular geometries, the mass-transfer coefficient is calculated
using existing correlations based on theory or experimental data. Some of these corre-
lations are presented below. A second approach, commonly used for more complex
systems, is to calculate mass-transfer coefficients based on experiments conducted in
laboratory or field settings.

Film Theory

The simplest model system that includes fluid flow divides the fluid into two layers.
Adjacent to the surface is a stagnant layer, or film, through which species must dif-
fuse. The concentration profile within the film is assumed to be linear, corresponding
to steady diffusive flux. In the second layer, the fluid is well mixed and the species
concentration is uniform everywhere.




186 Chapter 4 Transport Phenomena

Concentration
C

}
T

'

+ o

Flux Well-mixed fluid

le——
Position

Ly & ‘ Stagnant fluid film

: - Boundary . A
T R Figure 4.C.3 Schematic of mass transfer to a

surface according to film theory.

Mass transfer from the fluid to a surface, according to film theory, is depicted in
Figure 4.C.3. This situation is almost identical to that depicted in Figure 4.C.1, and so,
in analogy with equation 4.C.3, it should be clear that the mass-transfer coefficient for
this case is

k, = m (4.C.6)
f

where L is the film thickness. Film theory suggests that for given flow conditions, the
mass-transfer coefficient should scale in direct proportion to species diffusivity (k,, o
D). Experiments consistently demonstrate that, in systems with fluid flow, the mass-
transfer coefficient flow increases in proportion to D% with o << 1. The key weakness
of film theory is its dependence on a specific value of the film thickness, L. In most
circumstances, there is no practical way to determine L, that is independent of a mea-
surement of mass transfer (or heat transfer) to a surface. Furthermore, the effective
thickness of the film through which species must diffuse varies with species diffusiv-
ity: A higher diffusion coefficient results in a larger film thickness. Still, although not
entirely accurate, film theory provides a helpful conceptual picture of interfacial mass
transfer.

Penetration Theory

Recall (equation 4.A.8) that the characteristic time required for a steady-state concen-
tration profile to be established by diffusion is given by L%(2D)™" where L is the dis-
tance over which diffusion occurs. In film theory, the boundary must be in contact
with the fluid for a minimum time of 7~ NWANUV-_ for the concentration profile to ap-
proach the constant-slope condition depicted in Figure 4.C.3. In some circumstances,
the contact time between a boundary and a fluid is not long enough for film theory to
apply. A second conceptual model, known as penetration theory, has been developed
to address this case.

The model is based on transient diffusion in one dimension. At time ¢t = 0, the
concentration in the fluid is assumed to be uniform everywhere except at the position
of the boundary, where it is C,. Then diffusion to the surface begins and a boundary
layer begins to grow (Figure 4.C.4). Fluid motion affects the contact time between the
fluid and the boundary.

Analysis of time-dependent diffusion to a flat surface yields the following expres-
sion for the mass-transfer coefficient:

:N
k. (f) = ﬁmg instantancous 4.C.7)

Tt
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Figure 4.C.4 Schematic of mass
transfer to a surface according to
penetration theory.
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This is the instantaneous mass-transfer coefficient at time ¢. Because the distance
through which species must diffuse increases with time, k,, decreases as r increases. If
the contact period is maintained for some interval #*, the time-averaged mass-transfer
coefficient is obtained by integration:
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From equation 4.C.8, we see that penetration theory predicts that the mass-transfer co-
efficient should increase in proportion to the square root of species diffusivity. By
contrast, we have just seen that film theory predicts that the mass-transfer coefficient
is proportional to diffusivity. The reason for the difference lies in the assumptions
about the distance through which species must diffuse. In film theory, the film thick-
ness is assumed to be constant and so is independent of D. In penetration theory, the
diffusion distance increases with time, and the rate of growth depends on species dif-
fusivity.

Boundary-Layer Theory: Laminar Flow along a Flat Surface

Transport from moving fluids to boundaries is caused by simultaneous advection and
diffusion, with advection being stronger far from the boundary and diffusion dominat-
ing adjacent to the boundary. Film and penetration theories simplify the analysis by
decoupling advection from diffusion. Boundary-layer theory can predict mass-transfer
coefficients for simple flows and geometries while simultaneously accounting for the
effects of both transport mechanisms.

Let’s consider the case of laminar fluid flow at velocity U, parallel to a flat sur-
face (see Figure 4.C.5). The species concentration is C; at the surface and is C far from
the surface. Within the boundary layer there is a concentration gradient, which gives
rise to diffusion toward the surface. There are also advective velocity components in

z C c

1 o ¢ ]

1 Flux Figure 4.C.5 Schematic of
mass transfer to a surface
according to boundary-layer
\ theory for the case of a flat
it sk st esaslis i surface parallel to a uniform,
laminar fluid flow.
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the x-direction (relatively strong) and the z-direction (relatively weak) that affect the
concentration profile. The characteristic thickness of the boundary layer for a contam-
inant species is the distance from the surface over which the concentration increases
to approximately C. As shown in Figure 4.C.5, the boundary-layer thickness grows
with increasing distance downstream of the leading edge. The thickness of this bound-
ary layer at any x-position is a function of species diffusivity, with higher diffusivity
causing a thicker boundary layer. For any given species, a thicker boundary layer
means slower mass transfer to the surface. Because of species loss at the surface, the
boundary-layer thickness grows with downstream distance and the rate of mass trans-
fer correspondingly decreases.

This problem is analyzed using equations that describe the conservation of fluid
mass, momentum, and species in the boundary layer (Cussler, 1984; Bejan, 1984).
The result is a mass-transfer coefficient calculated at a specific position x downstream
of the leading edge of the surface:

U 1/2
k,(x) = SNAIV =16 p213 local (4.C.9)
X

where v is the kinematic fluid viscosity. (Recall that v = w/p, where w is the dynamic
fluid viscosity and p is the fluid density.) The overall mass-transfer coefficient to the
surface is obtained by averaging over the length of the surface:

P
_B
»su W »a_?v&xu o.mkoﬁmu _\\_abtw m<anmmo 340._9
0
Equation 4.C.10 gives the average mass-transfer coefficient for this flow system for a
surface from the leading edge to a distance [ downstream. Note that the mass-transfer
coefficient, k,,, varies with the diffusion coefficient raised to the 2/3 power. It is gener-
ally true that when advection and diffusion are combined, the mass-transfer coeffi-
cient increases with diffusivity raised to some power between 0.5 (penetration theory)

and 1 (film theory).

.2 Transport across the Air-Water Interface

In environmental engineering applications, the rate of transport of a molecular species
across an air-water interface is described by an expression similar to equation 4.C.1:

Iy = ky(C, = C) @4.C.11)

where J,, is the net flux of a species from the gas phase to the liquid phase (mass per
::Qmmn_m_ area per time), k,; is a mass-transfer coefficient (length per time), C is the
concentration of the species in the bulk liquid phase, and C| is the saturation (or equi-
librium) concentration of the species in the liquid phase Em: corresponds to the given
partial pressure of the species in the gas phase. Typically, C; is obtained from Henry’s
law (see §3.B.2). When C, exceeds the current aqueous concentration, J,, > 0 and net
transfer occurs from the gas to the liquid. Conversely, when the water is supersatu-
rated with respect to the gas phase, C > C,, 50 J,; < 0, and equation 4.C.11 predicts
a net rate of volatilization.

In general, the mass-transfer coefficient k., depends on fluid flow near the inter-
face and on species diffusivity in both air and 282 The film model introduced in the
previous section can be extended to a two- film model, as depicted in Figure 4.C.6,
with the air-water interface as the boundary. In this model, stagnant film layers exist
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on either side of the boundary through which species transport occurs only by molec-
ular diffusion. Outside of its stagnant film layer, each fluid is well mixed. Immediately
adjacent to the interface, the partial pressure in the gas phase, P, is assumed to be in
equilibrium with the aqueous concentration, C,, as described by Henry’s law. As in the
film model, the concentration profiles in the stagnant film layers are assumed to be
linear. Also, because of mass conservation, the flux through the air layer must be
equal to the flux through the water layer.
Applying Fick’s law, we can write the gas-side flux (from air to the interface) as

(P—P)/RT
L

a

Jo =D “4.C.12)
where D, is the species diffusivity through air and L, is the thickness of the stagnant
film layer in the air. Likewise, the liquid-side flux (from the interface into the water) is
c,—-C

o= U;-Ww 4.C13)
where D, is the species diffusivity in water and L, is the film-layer thickness in the
water. Since we don’t know either P, or C;, we would like to eliminate these parame-
ters from the expressions. So far, we have two equations but three unknowns (J,,, C;,
and P).

The third equation comes from the equilibrium relationship at the interface:

Ci=KyP, 4.C.14)

where K}, is the Henry’s law constant for the species (see Table 3.B.2). Now, we can
use algebra to derive an expression for flux that is in the form of equation 4.C.11. Use
equation 4.C.14 to replace P; with C;/Ky in equation 4.C.12. Then equate the right-
hand sides of equations 4.C.12 and 4.C.13 and solve for C; to obtain

C = Qp|+m, 4.C.15)
! 1 +a o
where
DL,
a= % 4.C.16)
and
C,=K,P 4.C.17)
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Next substitute for C; from equation 4.C.15 into equation 4.C.13. After some alge-
braic manipulation, one arrives at equation 4.C.11, where

D.f « 1
k,=—= = 4.C.1
&l T + Qv L L ¢ 3)
Sw oy Cag RT
D. D,

The film thicknesses, L, and L,, cannot be measured. So for practical application,

we rewrite equation 4.C.18 in this form:
1 _

_—=_ (4.C.19)

k
where k, and k, are the respective mass-transfer coefficients through the liquid and gas
boundary layers near the interface, each corresponding to the diffusivity divided by
the film thickness (D, /L,, and D, /L, respectively), as in equation 4.C.6. The factor
K, appears with k, in this expression because k,, is used with the aqueous concentra-
tions to determine flux (equation 4.C.11). The factor RT is needed to convert partial
pressure to molar concentration, since we write Henry’s law in a way that relates
aqueous molar concentration to gaseous partial pressure.

Equations 4.C.11 and 4.C.19 are together sometimes called the two-resistance
model for interfacial mass transfer. Since species B:mﬁ be transported through fluid
on both sides of the interface, the 88_ resistance Qm 1) is the sum of the Rw_mz_:no in
the liquid side of the interface ( » ) plus the Bm_m&:nm on the gas side (K, xﬁa v

From equation 4.C.19 we see that the relative sizes of the gas and _EEQ Rw_m|
tances vary according to the Henry’s law constant, K,;. The diffusion coefficients, D,
of molecular species in a given fluid vary by about one order of magnitude (§4.A.3).
The film resistance terms k;and k, are expected to vary by no more than D to the first
power (§4.C.1). The Henry’s law constant, on the other hand, varies by at least eight
orders of magnitude among species of interest in environmental engineering (see Ta-
ble 3.B.2). Therefore, even for fixed flow conditions, the interfacial mass-transfer co-
efficient, &y, may vary greatly from one species to another according to the value of
the Henry’s law constant. This point is illustrated in Figure 4.C.7.

Liss and Slater (1974) reviewed available information on the mass transfer of
species between the oceans and the atmosphere and concluded that liquid-side and
gas-side mass-transfer coefficients of k, =0.2 m h™' and k, =30 m h' apply for
average meteorological and ocean current conditions. These coefficients are sug-
gested to be approximately correct for species with molecular weights between 15 and
65 g/mol. Figure 4.C.7 shows how the overall mass-transfer coefficient varies with
the Henry’s law constant for molecular species exchange between the atmosphere
and the seas. For sparingly soluble gases such as oxygen (K = 0.0014 M atm™!), the
resistance lies entirely on the liquid side and an overall average mass-transfer coeffi-
cient of approximately k,, = 0.2 m/h applies. On the other hand, the resistance for a
highly soluble species wco: as formaldehyde (K, = 6300 M atm™) lies entirely on
the gas side.

The liquid-side and gas-side mass-transfer coefficients can be ooEcEma with values
of species 9@:&5:8 to estimate effective film thicknesses: L, ~ D, »l ~2 mm and
L,~D F ~20 pm. We see from these estimates that a_m?mZm :msmmon over very
mBm= length scales controls the overall rate of interfacial mass transfer. The time scales
required for steady-state no:omzqm:o: profiles to be achieved i in gas w:a liquid films of
this size are approximately 7, o (2D y1~0.1s and T~ L L(2D,, )1~ 02s.

a
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Figure 4.C.7 Dependence of the overall mass-transfer coefficient on
the Henry's law constant for average conditions in large bodies of
water. The curve traces equation 4.C.19 with k, =0.2mh™,

k, = 30mh, and T =293 K (Liss and Slater, 1974).

For natural bodies of water, the following expressions can be applied to estimate
gas-side and liquid-side mass-transfer coefficients in relation to environmental and
species conditions (Schwarzenbach et al., 1993). For the gas-phase mass-transfer co-
efficient,

D 2/3
k, = ﬁ\nu_ (TU,, + 1) (4.C.20)
2 -1
0.26 cm’s

For oceans, lakes, and other slowly flowing waters,

D 0.57 5
k= T|g|g (0.001402, + 0.014) @“can
2.6 X 107 cm?® 57!
For rivers,
D 0.57 Q. 1/2
k = o.:%lhllg ﬁlsv (4.C.22)
26 %107 cm? s~} d,

In these expressions, U, is the mean wind speed measured at 10 m above the water
surface (units are m/s). The term U, is the mean water velocity in the river (m/s). The
mean stream depth is d,, (m). The equations are written so that k, and &, have units of
m/h. Example 4.C.1 illustrates how these equations are used.

In general, for interfacial transfer of molecular species in any air-water flow sys-
tem, the overall mass-transfer coefficient for any species can be determined by mak-
ing measurements of k, for a minimum of two species with known Henry’s law
constants, provided one is sparingly soluble and the other is highly soluble. From
these measurements, one can determine the values of k, and k,. Then the overall mass-
transfer coefficient for any other species can be estimated using equation 4.C.19.
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EXAMPLE 4.C.1 Mass-Transfer Coefficient for Oxygen in a River

In Nebraska, the Missouri River has a mean depth of 2.7 m and flows at a mean veloc-
ity of 1.75 m/s (Fischer et al., 1979). Assume that the wind speed at 10 m is 4 m/s. Es-
timate the overall mass-transfer coefficient for oxygen (O,) from the atmosphere to
the river.

SOLUTION The diffusion coefficient of O, in water is D, =2.6 X 107> cm? 5! (Table

4.A.3). From equation 4.C.22, the liquid-side mass-transfer coefficient is estimated to
be k, = 0.14 m/h. The diffusion coefficient for O, in air is D, = 0.178 cm’ s™' (Table
4.A.2). From equation 4.C.20, the gas-side mass-transfer coefficient is estimated to be
k, = 30 m/h. The Henry’s law constant for oxygen is K, = 0.0014 M atm™' (Table
3.B.2). With R =0.0821 atm K! M and T =293 K, we predict from equation
4.C.19 that k,; = 0.14 m/h. As expected for a sparingly soluble gas such as oxygen,
mass transfer through water adjacent to the interfacial boundary controls the overall

rate of the process.

4D TRANSPORT IN POROUS MEDIA

Porous materials are solids that contain distributed void spaces. Permeable porous ma-
terials contain an interconnected network of voids or pores that permit bulk flow of
fluid through the material. Soil is a common example of a permeable porous material.
Usually, the pores are highly variable in shape and size, resulting in complex flow
channels.

Environmental engineers study the movement of fluids and contaminants through
porous media for several reasons. Many treatment technologies for removing pollut-
ants from water and air entail passing the fluid through a porous material. In munici-
pal treatment plants, for example, drinking water is passed through sand filters to
remove small, suspended particles. Drinking water is also sometimes treated by pass-
ing it through a column of granular activated carbon to remove dissolved organic mol-
ecules that are harmful or that may cause taste and odor problems. Air used in
industrial processes is often passed through fabric filters to remove suspended parti-
cles. Filters of granular activated carbon are also used to remove volatile organic com-
pounds from gas streams. Many hazardous waste treatment technologies also involve
passing a fluid through a porous material. Much attention in hazardous waste manage-
ment focuses on characterizing contaminant migration in subsurface soils, either to
predict the threat to water quality or to evaluate a treatment strategy.

The aim of this section is to provide an introduction to transport in porous media,
emphasizing the movement of water and air and the contaminants dissolved or sus-
pended within these fluids. The behavior of nonaqueous-phase liquids in subsurface
environments is also important in environmental engineering, but the complexities
that must be addressed render it beyond the scope of this book. Application of the
ideas introduced here for filtering contaminants from water are discussed in Chapter
6. Groundwater contamination is addressed in Chapter 8.

Before proceeding, we must define some basic terms and concepts that arise
when dealing with transport through porous materials. One quantitative descriptor of a
porous material is its porosity, here given the symbol ¢ and defined as

b= pore volume 4.D.1)

total volume
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The pores may contain both air and water (and, in general, other fluids). We define the
air-filled porosity, ¢,, and the water-filled porosity, ¢, in analogy with equation
4.D.1, but with the numerator replaced by the pore volume filled with air or water, re-
spectively. If the air and water are the only fluids contained in the pores, the porosities
must satisfy this relationship:

b=4¢,+ ¢, (4.D2)

A porous material is saturated with a particular fluid if that fluid entirely fills the
pores. So, for example, a medium is saturated with water if ¢,. = ¢.

Most porous materials encountered in environmental engineering are granular or
fibrous. Granular materials, such as soils, typically have porosities in the range 0.3—
0.7. The porosities of fibrous materials are usually higher, sometimes as high as 0.99.
These materials may have two distinct classes of pores, those that are external to the
grains or fibers and those that are internal. Bulk fluid flow occurs only in the external
pores, but contaminants can migrate by diffusion into the internal pores and interact
with the solid surfaces there. This characteristic is especially important for porous
sorbents, such as activated carbon, which have large internal porosities and enormous
internal surface areas. However, in this section, we will emphasize fluid and contami-
nant behavior in the pores that are external to grains and fibers.

Two densities are commonly defined for a porous solid. The solids density, p,,
represents the mass of solid per volume of solid (often including internal pores). The
bulk density, p,, represents the mass of solid per total volume. These measures are re-
lated by the total porosity:

Py = o1 — &) (4.D.3)

The solids density of soil grains is fairly constant at ~2.65 g cm™. Given a range of
porosities of 0.3-0.7, the bulk density would be in the range 0.8-1.9 g cm™. Soil bulk
density varies with grain size, but the dependence is not strong. In soil, as in any gran-
ular material, porosity tends to be higher when grain sizes are distributed over a nar-
row range. With a broad distribution of grain sizes, smaller grains can fill the pores
created by larger grains, reducing overall porosity.

Porosity is an area characteristic as well as a volume characteristic of granular ma-
terials. Imagine a plane slicing through a porous material. The area porosity is the ratio
of the area of the plane that intersects pores to the total area that intersects the porous
material. Conveniently, if pores are randomly distributed and the number of pores in a
plane is large, then the area porosity is equal to the porosity measured on a volume ba-
sis. This conclusion is reached by considering a porous material as a collection of infin-
itesimally thin slices. The volume porosity of the whole is the average of the porosities
of the individual slices. If these slices include a random distribution of a large number
of pores, then the porosity of each slice will be close to the mean for all slices.

4.D.1 Fluid Flow through Porous Media

During the middle of the nineteenth century, Henri Darcy, a French engineer who was
interested in the development of groundwater resources, studied the hydraulics of wa-
ter flow through a sand column using an apparatus like that shown in Figure 4.D.1.
With experiments conducted under steady flow conditions, he found that the follow-
ing relationship described his results:

Ah

g=KA T “4.D4)

e
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Cross-sectional -

area=A

Figure 4.D.1 Apparatus similar to
that used by Darcy to study the
hydraulics of water flow through
sand.

where Q is the volumetric flow rate (m* s™'), A is the change in fluid head from the
inlet to the outlet of the column (m), A is the cross-sectional area of the column (m?),
and L is the length of the column (m). The parameter K, which has units of velocity,
was constant for a given sand but varied from one sand sample to another, increasing
with increasing grain size.

This relationship has been generalized and is now commonly known as Darcy’s
law. For water flow in one dimension through a water-saturated material, Darcy’s law
can be written as

dh

U K T 4.D.5)
where U is called the Darcy velociry, filtration velocity, or superficial flow velocity, K
is called the hydraulic conductivity; and dh/dl is the rate of change of pressure head
with distance. In relation to Darcy’s experiment, U represents 0/A, and the hydraulic
gradient, dh/dl, replaces Ah/L. The filtration velocity (U) should not be confused with
the local velocity of water through the pores. Rather, it represents the average volu-
metric flow of water per unit fotal cross-sectional area of the porous material. Since
solids occupy some area, and since water can flow only through pores, the average lo-
cal velocity of water in the pores must be higher than the filtration velocity. The minus
sign in Darcy’s law, like the minus sign in Fick’s law, reminds us that water flows
from high to low pressure head, just as molecules diffuse from high to low concentra-
tion. Since head has units of length, dh/d! is dimensionless, and so the hydraulic con-
ductivity must have the same units as U, velocity.

Another form of Darcy’s law applies to porous media saturated with any fluid:

v=-kdP (4.D.6)
wdl

where k is called the intrinsic permeability, or simply permeability, of the porous ma-
terial; g is the viscosity of the fluid; and dP/dl is the derivative of dynamic pressure
with respect to distance. This form of Darcy’s law assumes that the fluid is incom-
pressible, which, for air, would mean that the pressure drop across the medium must

be much smaller than the inlet pressure.
The hydraulic conductivity in Darcy’s law (equation 4.D.5) depends primarily on
two properties of the system: the viscosity of the fluid and the size of the pores. Fluids
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that are more viscous flow more slowly, and materials with smaller pores permit less
flow. The second form of Darcy’s law (equation 4.D.6) separates these two properties.
The intrinsic permeability is a function only of the porous material and does not de-
pend on the fluid properties.

Given the units of viscosity (e.g., kg m™' s!), pressure derivative (kg m™ s™), and
velocity (m s™'), we see that permeability has units of length squared. For a porous
medium made up of uniform spherical grains, the permeability increases approxi-
mately in proportion to the square of the grain diameter.

The dynamic pressure (P) in equation 4.D.6 is the difference between the total
pressure and the hydrostatic pressure. In the absence of motion, fluid pressure must
increase with depth to support the mass of the fluid suspended above it against the ac-
celeration of gravity. This hydrostatic change in pressure with height does not induce
flow.

The difference between the two forms of Darcy’s law lies primarily in the coeffi-
cients K and k. By noting that head loss corresponds to dynamic pressure drop accord-
ing to p,gAh = AP, where p,, is the density of water and g is gravitational
acceleration, we can show that the hydraulic conductivity is related to the intrinsic
permeability by

1

_ kp.g
oy

K (4D.7)

where w,, is the dynamic viscosity of water.

Intrinsic permeability, k, may be expressed in ordinary area units such as m>.
However, the permeabilities of ordinary materials are so low that a special unit, the
darcy, has been defined for permeability, with 1 darcy = 0.987 x 10"'? m% Figure
4.D.2 shows representative permeabilities and hydraulic conductivities of soils. Note
the enormous range of values between homogeneous clays and coarse sand or gravel.
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Darcy’s law -————= Ohm’s law

Q. X I= «~| vV
AL Al ——— R
Flow per area ((Q/A) ~4——— Current (/)

Ah) -——— Potential (V)
noﬂﬂu __MMM,M, Sv Figure 4.D.3 The analogy between

hydraulic conductivity (L/K) ~+——— Resistance (R)  Darcy’s law and Ohm’s law.

Fluid flow through a sand column is analogous to electrical o:ﬂmE flow through
a resistor. Figure 4.D.3 makes the comparison, showing 9.& the ratio of the oo_:is
length to hydraulic conductivity acts like a “resistor” to fluid flow driven by a loss in
pressure head. - S N

A widely used expression that relates permeability to grain size is known as the
Carman-Kozeny equation. It was derived by analyzing moé. Eﬂo:m._‘_ porous Eng_.w in
analogy to flow through a bundle of small capillaries, but with varying size and orien-

tation (Dullien, 1979), giving

3,2
k=P (4.D.8)
180(1 — ¢)°

where d, is the grain diameter. For grains that are not mnro:om_, &”n is Rw_m.og by ¥ dq
where %mm known as the sphericity of the grain and &ﬁ._ is the equivalent diameter. j.ﬁ
sphericity is the ratio of the surface area of a mnsa.no. ,.SS the same volume as the grain
to the (external) surface area of the grain. Sphericities of Emﬁ:mmm. used _:.mnm::_m.?
bed filters typically range from 0.45 to 0.8 (Cleasby, 1990). The on_.:é_oa diameter _”
that which produces a sphere with the same volume as the grain. Example 4.D.

shows how the Carman-Kozeny relationship is used.

EXAMPLE 4.D.1 Hydraulics for a Granular Activated Carbon Filter

A filter of granular activated carbon is used for treating drinking water. It has the fol-
lowing characteristics, which are typical for municipal water treatment (Cleasby,
1990; Snoeyink, 1990). Estimate the permeability and the head loss.

dy =1mm Equivalent grain diameter
Y =075 Sphericity

¢ =05 Porosity

L=1m Bed depth

U=3mh"! Filtration velocity

SOLUTION Substitution into equation 4.D.8 yields an estimate of the permeability:

_05%075 X 1 X 107m)* _ | o092
180(1 — 0.5)°

k
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EXAMPLE 4.D.1 Hydraulics for a Granular Activated Carbon Filter (continued)

From equation 4.D.7, the hydraulic conductivity is

k= 1.6X10°m” x 1000 kg m™ x 9.8 m 52

=00l5ms™
0.001 kg m™' 7!
The head loss is determined from equation 4.D.5:
dh [
Ah=L—=—-L=
dl K
-1
=-imx-3mh o Lh 00

0015 ms™! 3600s

The head loss in this case is about 6 cm.

4.D.2 Contaminant Transport in Porous Media

All of the mechanisms that cause contaminant transport in bulk fluids also act on
contaminants suspended in fluids in porous media. Contaminants are advected with
the fluid flow. Molecules diffuse within the fluid through the pores. Particles settle
and undergo Brownian motion. Contaminants sorb onto and within porous media
grains. Chemical or biological reactions may cause generation or decay of contami-
nants. If both air and water are present in the pores, contaminants can partition be-
tween the two fluids and migrate within both. Additional transport mechanisms
arise, such as surface diffusion, but discussion of these is beyond the scope of this
text.

Because of the large surface area of solids in contact with the fluid, contaminant-
surface interactions may assume a particularly important role in transport through po-
rous media. Particles may contact and adhere to the solid grains or fibers. Molecular
contaminants may sorb onto the solid surface and may undergo chemical reactions
there. Our attention in this section is focused mainly on transport mechanisms that do
not involve pollutant-surface interactions. The modeling of sorption and transforma-
tion reactions in porous media is discussed in §5.B, and applications of particle depo-
sition in porous filters are described in §6.C.2 and §7.C.1.

Diffusion

Molecular diffusion through porous materials affects the migration of gases through
soils. In groundwater, diffusion is slow (recall that molecular diffusivities in water are
10,000 times smaller than in air) and therefore of little importance. In treatment tech-
nologies, transport is generally dominated by advection because of the need to treat
fluids quickly.

In this discussion, we will emphasize gas-phase diffusion. Fick’s law relates dif-
fusive flux through a porous medium to the concentration gradient, but requires some
clanification and adjustment because of the presence of the solids. For molecular dif-
fusion through a porous solid, Fick’s law is written in one dimension as

_p dc€

Ja= ‘dx

(4.D.9)
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For three-dimensional transport applications, Fick’s law can be written in vector form:

P aC d9C dC

Ja DNA ox’ dy’ wmv
Here J,, representing diffusive flux through the porous medium, gives the quantity of
contaminant transported per rotal area (not just pore area) per time. The parameter D,
is an effective diffusion coefficient, and C is the species concentration in the pores
(per pore volume, not per total volume). These equations have the same form as Fick’s
law for bulk fluids (equations 4.A.5-6), but each of the parameters has an altered
meaning.

The effective diffusion coefficient through a porous material is smaller than the
corresponding ordinary diffusion coefficient for the given contaminant/fluid combina-
tion. For gas molecules in a granular material, such as soil, the following expression is
widely used to estimate the effective diffusivity (Millington, 1959):

(4.D.10)

ﬁwo\w
»?

In vadose-zone soils (i.e., above the groundwater table), typical values of air-filled and

total porosity are ¢, = 0.2 and ¢ = 0.4. According to equation 4.D.11, the effective

diffusivity would be reduced to 0.03D in this case. For air-saturated pores, equation

4.D.11 reduces to

4.D.11)

D,=D¢)’ b, = ¢ (4.D.12)

So with a typical value for dry soil of ¢, = 0.4, D, = 0.3D.

An alternative expression, applied in the case of water- or air-saturated pores, uses
an empirical correction factor, the fortuosity, T, which accounts for (a) the reduced
area through which diffusion can occur and (b) the longer average path a molecule
must travel to move a certain distance through the pores. The effective diffusivity is
related to the tortuosity by

D =

e

(4.D.13)

~NID

Typical values of tortuosity are in the range 2 to 6 (Cussler, 1984), yielding effec-
tive diffusivities that are approximately consistent with predictions based on 4.D.12.

Hydrodynamic Dispersion

Hydrodynamic dispersion in porous media is similar to the shear-flow dispersion that
occurs in pipes and rivers, as discussed in §4.A.4. The dispersion of a nonreactive
groundwater contaminant, or conserved tracer, is depicted in Figure 4.D.4. At some
time f;, contamination occurs in the groundwater, as shown in the left-hand portion
of the figure. The groundwater flows with a uniform filtration velocity, U, in the +x-
direction. At some later time, f,, the center of mass of contamination has been trans-
ported downstream to position x,, given by

X, = x, + (6, — 1)U 4.D.14)

In words, the center of mass of contamination moves at the same speed as the fluid.
However, the areal extent of contaminated groundwater increases, and typically this
increase is much greater than can be explained by molecular diffusion alone. Because
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Figure 4.D.4 Transport and dispersion of a fixed quantity of a
nonreactive groundwater contaminant. The figure schematically
shows the areal extent of contamination at three instants in
time, with r; > t, > t;. The center of mass of contamination
is advected in the x-direction at a rate given by the mean
velocity, U. Hydrodynamic dispersion causes the contamination
to spread more rapidly in the direction of flow than in the
transverse direction.

the local velocity through the soil pores is not uniform, some of the contamination
travels at an average speed greater than U, while other contaminant molecules travel
more slowly than U. There is also some spreading in the y-direction, even though the
mean velocity in that direction is zero. Since the contaminant is conserved, the greater
areal extent of contamination is offset by a lower average concentration. The same
characteristics prevail in the interval from ¢, to f;.

This spreading is not caused by turbulence; it occurs even if the grain Reynolds
number is much less than 1, so that the flow is stable and laminar. It is observed to oc-
cur in uniform sand columns in the laboratory, although it can be much stronger in the
field if the soil contains zones of higher and lower permeability than the average.

Fundamentally, this spreading is caused by the variation of fluid velocities within
the pores. At the grain surfaces, the velocities diminish to zero. In the center of a
channel between two grains, the local velocity may be much higher than the volume
average. Individual contaminant molecules experience independent velocity histories.
When averaged over all contaminant molecules, the rate of advection matches that of
the fluid, but some individual molecules may travel significantly faster or slower than
the mean, causing plume dispersion.

The contaminant flux in the direction of flow caused by hydrodynamic dispersion
in porous media is described by an expression analogous to Fick’s law in one dimen-
sion:

g, C
kox

where g, is the dispersion coefficient and x is the direction of flow. In this expression,
the dispersion coefficient includes molecular diffusion as a limiting condition:

g, =D, +¢&U (4.D.16)

J,= (4.D.15)

Here ¢ is a characteristic of the porous medium called the dispersivity (units of
length). As defined above, U is the filtration velocity and D, is the effective diffusivity.
So, the flux J, represents the sum of transport due to molecular diffusion and due to
dispersion caused by nonuniform fluid flow. As with molecular diffusion alone, this
flux represents the net rate of contaminant movement per unit rotal cross-sectional
area. Similar expressions could be written for the flux components in the transverse
direction, but these would require different dispersion coefficients, since it is observed
that transverse dispersion is weaker than longitudinal dispersion.

X
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