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Hydrometeorologic monitoring networks are ubiquitous in contemporary earth-system science. Network sta-
keholders often inquire about the importance of sites and their locations when discussing funding and mon-
itoring design. Support vector machines (SVMs) can be useful by their assigning each monitoring site as either a
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area disparity is an indication of historical imbalance in peak streamflow data acquisition from various stream
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1. Introduction

Hydrometeorologic monitoring (observation) networks are ubiquitous
in contemporary earth-system science. The networks usually collect water-
resources data such as groundwater levels, surface-water streamflow, and
precipitation. Networks collect data in multi-dimensional domains of cov-
ariates including space (horizontal and vertical dimensions) along with
time. Somewhat less obvious covariates exist. For example, groundwater
level responses in wells are affected by the given hydrogeologic framework
(aquifer geometry and properties), type of well completion (construction),
local and regional pumping histories, and contexts of seasonal recharge and
discharge. Streamflow responses, conversely, are produced by precipitation
inputs on a watershed characterized by a drainage area, channel slope, land-
use patterns, soil horizons, and geologic substrata.

One of many science objectives of hydrometeorologic networks,
especially surface water and meteorology, is the collection of data from
which computed statistics (e.g. annual minimum water levels, 0.1 and
0.01 annual exceedance probability peak streamflows, or mean annual
precipitation) can be used with predictor variables (covariates) to make
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estimates at unmonitored locations. Statistical techniques used range
across a broad class of prediction methods from multi-linear regression
(e.g. Asquith and Roussel, 2009; Williams-Sether, 2015) to sophisti-
cated machine learning (e.g. Carlisle et al., 2016).

1.1. Reasons for network analyses

Network analyses include understanding the information content
produced by a monitoring network and how the network has evolved over
time. Such understanding constitutes just a part of overall network ana-
lysis and evaluation. Network analyses are important not only for scientific
and statistical purposes but are crucial to the various stakeholders in-
vesting funds in and (or) planning the design of a given network.

Groundwater monitoring networks have been widely studied and re-
main of great interest to researchers and local stakeholders (Andricevic,
1989, 1990; Esquivel et al., 2015; Fisher, 2013; Kollat et al., 2011; Van
Greer et al., 1991; Wood, 2004). Precipitation networks (e.g. Putthividhya
and Tanaka, 2012) also have been widely studied and concepts such as
entropy and information theory are useful (e.g. Chen et al., 2007).
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Streamgage networks at regional, state, and national scales also have been
widely studied (Chebbi et al., 2017; Kiang et al., 2013; Markus et al., 2003;
Medina, 1987; National Research Council, 2004). In particular, Markus
et al. (2003) assessed information transfer amongst the streamflows in the
context of various hydrologic regimes (data regimes): low, average, and
high flow conditions. The study also demonstrated an additional com-
plexity in network analyses—often the characteristic (statistic) of interest
for statistical transfer requires selection, which means that the statistic
under study can influence network analysis itself.

Stakeholder interests generally have scientific or statistical concerns
about networks, which include questions such as “Is the (our/their)
network designed to collect ...” (1) data sufficiently in space? (2) data
sufficiently in time (sampling intervals)? (3) data in a cost-effective,
scientifically-justified manner? and (or) (4) data at a price of some in-
formation gaps? Further interests could include asking whether re-
dundant data are being collected.

Challenges in quantitative answers to these questions further pre-
dicate what type of objective function is to be maximized (or mini-
mized) and whether a universal quantitative objective for all stake-
holders even exists. Some issues to consider are financial constraints or
prediction uncertainties of statistical estimates projected for un-
monitored locations of interest.

1.2. Study purpose, design, and organization

This study investigates a novel use of support vector machines
(SVMs) (Bishop, 2006; Steinwart and Christmann, 2008) to support
hydrometeorologic monitoring network analyses. A hypothetical ob-
servational groundwater-well network and statistical methods are used
to predict a known 2-dimensional potentiometric surface. The study is
oriented around simulations to pinpoint the most and least informative
sites in a network through their identification as support vectors by the
SVM. Two specific objectives are (1) to show that sites in a network
identified as SVM support vectors contain more information than
random sites in the network and (2) to show that large prediction dif-
ferences from SVMs and regression-like methods could be used to
identify information gaps in the network.

Mathematics and implementation overview of statistical methods are
presented in Section 2 and include GAMs (Section 2.1) and SVMs (Sec-
tion 2.2). The primary data for this study are synthetic and are described
in Section 3. A 1-dimensional prediction example in Section 4 commu-
nicates several geometrical nuances of these methods sets up a more
thorough study of surface estimation (Section 5) using the synthetic data.
Section 5.1 formally frames a question as to how support vectors could
be useful for network analyses. Experiments with GAMs and SVMs using
all the data are conducted (Section 5.2), which are followed by study of
support vector subsamples (Section 5.3). Further experiments based on
simulation of SVMs are presented in Section 5.4 followed by closing
discussion (Section 5.5). An example application (Section 6) for a sur-
face-water network analysis in Texas identifies sites particularly im-
portant for the estimation of the 0.1 annual exceedance probability peak
streamflow, and lastly, conclusions are made in Section 7.

Computations were made in the R language (v.3.6.1; x86_64-apple-
darwinl15.6.0 [64-bit]) (R Development Core Team, 2019), principle
external packages are cited, and Supplemental Information accom-
panying this paper provides the source code. Specific functions or ar-
guments that are part of the source code are in a monospaced typeface.
Effort to promote reproducibility of results is made through seed setting
on pseudo-random number generators, but the numerical incongruities
could remain across computer platforms and R as well as R package
versions because of a dependence herein on simulation.

2. Methods for statistical prediction

Surface estimation methods often include multi-linear regression
(Faraway, 2005; Faraway, 2006), inverse-distance weighting (Brunsdon
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Comber, 2015; Davis, 2002), geostatistical methods of kriging and its
variants (Chebbi et al., 2017; Davis, 2002; Olea, 1999; Tonkin and
Larson, 2002), and machine learning (Kuhn and Johnson, 2016).

In this study, GAMs (Stasinopoulos et al., 2017; Wood, 2017) were
chosen for spatial prediction because they offer sufficient flexibility, are
fast, and are readily extendable into higher covariate dimensions. Be-
cause they are analogous to regression, GAMs, in contrast to SVMs, offer
familiar diagnostics including adjusted R-squared, residual standard
errors, standard errors of prediction, and p-values. SVMs were also used
in a regression mode. A general feature of SVMs is that certain ob-
servations are retained-by-the-model whereas other observations are
not. The in-and-out binary classification of individual data points by
SVMs is of interest to this study.

2.1. Generalized additive models (GAMs)

GAMs are flexible and capable of mimicking complex and curvilinear
patterns in data (Harwell and Tibshirani, 1990; Hastie et al., 2008;
Wood, 2017). GAMs model a response variable using an additive com-
bination of various parametric terms and smooth terms (smooth func-
tions) of predictor variables. The incorporation of smooth functions is an
advantage of a GAM over simpler multi-linear, least-squares regression
and similar methods because appropriately configured smooth functions
can adapt to nonlinear relations.

A general form of a GAM is

zi =B, + X0 + f(q) + - +s, (¢}

where z; is the response variable that is the ith observation, §, is an inter-
cept, X is a vector for strictly parametric and suitably transformed predictor
variables, ® is a one-column parameter matrix of length equaling the
number of parametric predictors, f is a smooth function that has arguments
estimated automatically for the predictor variable g;, the - (three dots)
represent additional smooth terms as needed, and «; are errors (residuals)
taken as independent and identically distributed (i.i.d) with zero mean. A
distribution family, such as Gaussian, binomial, or Poisson, can be chosen as
needed for the model of these errors. Specifically for this study, z; is an
observation of the synthetic data for a given location.

The X;0 term is the multi-linear parametric regression (Faraway, 2005)
component of a GAM and is not considered further in this study. A GAM is
fit, by the defaults provided in Wood (2019), using “penalized iterative [re-
weighted] least squares (PIRLS)” (p. 180-182 Wood, 2017) and a general-
ized cross validation (GCV) (a type of leave-one-out) score for the
smoothness controls on the smooth functions (p. 171 Wood, 2017).

For this study, the GAM formulation is

zi =B, + f(xi, y) + &, (2)

where z; again is the response variable for the ith observation, §, is an
intercept, x; is an easting horizontal coordinate, y, is a northing hor-
izontal coordinate, and f (x;, ;) is a 2-dimensional smooth. The gam ()
function from Wood (2019) was used for this study, the error dis-
tribution family was Gaussian (normal) (default), and the f (x;, y;) used
a thin-plate regression spline. GAMs by their nature have some capacity
to reasonably extrapolate somewhat away from the data in contrast to
SVMs.

2.2. Support vector machines (SVMs)

SVMs are a type of machine-learning approach to prediction in
which complex linear combinations of specific data points (the support
vectors) and attendant weights are used to define a hyperplane through
the data (entire data set). SVMs (Kuhn and Johnson, 2016; Hastie et al.,
2008; Steinwart and Christmann, 2008), like GAMs, also are flexible
and capable of mimicking curvilinear patterns in the data, but mathe-
matically SVMs are very different.

SVM description is best given as an analogy to linear regression,
although SVMs are commonly thought of as binary classifiers. SVMs
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also have a history of use in novelty detection (outlier identification)
(Clifton et al., 2014; Pimentel et al., 2014). SVMs are also a type of
robust regression in which squared residuals are not used for fitting as
they are in least squares regression (Faraway, 2005). As a result, data
points with large residuals have limited effects on the fitted SVM (Kuhn
and Johnson, 2016 p. 153). A curious and distinct (identifying) feature
of SVMs is that the data points residing near predictions—residing in
the “prediction tube”—by the SVM will actually have no effect. No
effect means that the weights for some data points are zero, and such
observations are not required to “support” the model. Some control on
how large residuals can be with no effect on the SVM is influenced by a
so-called “epsilon” setting. It is this either in-and-out binary classifi-
cation that is critical to this study because the binary distinction is a
simple and approachable concept to describe to stakeholders with
various disciplinary backgrounds.

The fit phase of an SVM is based on minimization of an error
function subject to a penalty as the model progresses towards over-
fitting. Following the description from Kuhn and Johnson (2016), the
coefficients (ﬁj) of a fitted SVM minimize the f, objective function for a
model having p number of predictors:

n p
KOs, 2 =6, L@—2;:e™) + ), B .
i=1 j=1

where % is a penalty (cost) parameter that is responsible for penalizing
large residuals (¢; = z; — ;) for the n sample of z; and predictions . The
% is a multiplicative factor on an .# error function (a basis function) to
increase or decrease the importance of errors. The % can be a number
of so-called kernels including linear kernel, polynomial kernel, Gaus-
sian radial basis functions (RBFs), and others. The RBF represents a
normalized Euclidean distance metric (Bishop, 2006 chap. 6) and RBF
use is prevalent.

The % has an epsilon setting (™) in SVM implementation
(Karatzoglou et al., 2018) that controls the width of the prediction tube,
which influences the inclusion of data near the SVM hyperplane (the
regression). Like the method of least squares (Faraway, 2005), large «;
increase the objective function being used, but in contrast to least
squares, large f3; also act to increase the objective function.

In the regression analogy and given that vector of predictors
X; = (%, %i, -, Xp) for the i having size n, SVM mathematics can be
shown. Using real-world examples, the vector of predictors could re-
present (1) the coordinates of a groundwater well and current monthly
rainfall for the month of the water-level measurement or (2) the drai-
nage area, channel slope, mean annual precipitation, and percent
grassland area of a watershed for the ith mean annual streamflow ob-
servation. An estimate (prediction) for a sample z; uses a linear com-
bination of model parameters (coefficients, ﬁj) and is applied to the new
sample of the p predictors (;) for j € (1, 2, ---,p). A prediction (Z) can
be written with the intercept term (3,) as

2 =By + Bt +B,u,

p
j=1 C))

The §; parameters are chosen such that the sum of squared errors (SSE)
is minimized:

SSE = (/Z\l - Zi)z.
i=21 (5)

The linear SVM uses these same mathematics when used for esti-
mation, but the §; estimates importantly can be written as functions of a
set of additional, but unknown, hyperparameters («;) and the sample
data of size n, denoted as x;; so that
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P
B=fy + Bt +By =By + D B=Fo + ),

j=1 j=1 i=1

p
A XijUj

n p
=B+ D, “t[z xu“j}
i=1 j=1

©

The final form shows weighted linear combinations of training data
and the new explanatory data used to make predictions. The matrix
algebra can be rewrite the training data and the new explanatory data
as a linear “kernel function” (p. 155, Kuhn and Johnson, 2016). With
notational adjustment, the function itself can be replaced with a non-
linear kernel that extends the SVM into nonlinear regression.

There are as many «; parameters as there are data points. Compared
to conventional regression, the SVM is highly over parameterized as
judged by the tenet of conventional regression that the model should
have vastly fewer parameters than data points (p. 154 Kuhn and
Johnson, 2016). But the penalty or cost used for SVM fit compensates for
this undesirable situation, and in practice many of the «; have a value of
zero. Those observations (x; and y,) with o; # 0 support the model (the
“support vectors”), which means that these and only these observations
are required during the SVM’s prediction phase. Geometrically, the va-
lues closest to the predictions have weights o; = 0, and these observa-
tions are plausibly less informative. To clarify a point of common con-
fusion, the support vectors are classified during the fit or training phase
of the SVM and are not a decision made by the human user.

Thus, the SVM is known as a sparse model. The origin of the sparsity
of SVMs is succinctly stated by Bishop (2006): “The hyperplane is de-
fined by the locations of the support vectors. Other data points (the
nonsupport vectors) can be moved freely without changing the decision
boundary.” In regression, this means that the solution of the SVM is
independent of these other data points (nonsupport vectors) and is thus
formed by those observations that are in a sense furthest away from
central tendencies of the covariates conditioned on the value of the
response variable.

In contrast with GAMs, SVMs might be less utilitarian as extra-
polation increases away from the training data when given new data on
which to make predictions. As extrapolation is encountered, the SVM
regresses to the global mean of the training data. The ksvm () function
from Karatzoglou et al. (2018) and further described by Karatzoglou
et al. (2006) was used for this study with a default radial basis kernel as
Gaussian (normal). Eight kernels are provided by Karatzoglou et al.
(2018), but users could provide their own. The sensitivity results to the
choice of kernel were not assessed in this study, and the default settings
of # =1 and €™ = 0.1 were used unless otherwise stated.

3. Synthetic data as an analog to a groundwater-level network

Synthetic data were created for this study to investigate the ability
of SVMs to estimate a 2-dimensional potentiometric surface of a water
table in an unconfined aquifer. The synthetic data are conceptually
consistent with that data collected from a common groundwater-level
network. Statistical estimation of groundwater levels at unmonitored
locations in time and space could accelerate development of numerical
simulation models and assist the change-in-paradigm thinking proposed
by White (2017).

The experimental surface Z (X, Y) for spatial locations X and Y is
defined as

Zi (%, ¥)=+20sin (+1. 757 (x; — ¥;)/100) + 20 cos (—1. 507 (3;)/100)
+ 0. 001x? — 0. 1y; + #7(is0, 2), )

where z; is a water level for x; as an easting (horizontal) coordinate and
¥ as a northing (vertical) coordinate for the ith observation. The
A (i;u = 0, o = 2) is Gaussian (normally) distributed noise with a mean
(1) of zero and a standard deviation (o) of 2, which was arbitrarily
chosen. It is desirable for the surface to have sufficient complexity to
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Fig. 1. A 10-unit contour interval (A) and terrain-colored raster (B) representation of the synthetic 200 x 200 gridded potentiometric surface along with the 800
locations (purple circles) to be used for later statistical estimation. The outlined subregion is used for analysis described in Section 4 (Figs. 2-4).

stress statistical prediction. The noise component is added to provide
some mimicry of real-world conditions.

In practical applications, the continuous surface is unknown and is
instead observed at discrete and irregular points. For this study, 800
random observation locations were generated using a seed on the
random number generator set to 62 (set.seed(62), an arbitrary
value) prior to prediction of the X coordinates, the Y coordinates, and
the Z from the (X, Y). Declaration of the seed is to foster some re-
producibility of results with the code base provided in the
Supplementary materials that accompany this paper.

Depictions of the potentiometric surface are made by the contour
() (Fig. 1A) and image () (Fig. 1B) functions by a unit incremented
grid of (i,j) € 1, 2, ---,200 to become x; =i and Y =j (easting and
northing, respectively). No statistical prediction is intended to be re-
presented in the figure—just simple visualization. The raggedness of the
contour lines represents the added noise component. The highest con-
tours are near the lower right, whereas the lowest contours are near the
upper left in both figures. The 800 locations from random values for the
X and Y coordinates and then the associated Z (X, Y) become a set of
“observational data” for this study where the locations are analogs to
groundwater wells. The X, Y, and Z are used to construct and use
predictive statistical models described in Sections 4 and 5.

4. A one-dimensional example of GAM and SVM geometry

To assist in understanding what support vectors are, it is useful to
compare and contrast SVM and GAM performance in a 1-dimensional
problem (one predictor variable). To this end, a left to right partition in
Fig. 1 was extracted between 50 and 100 in the northing (vertical)
coordinates. The extracted data are shown in Fig. 2.

The GAM uses all of the 800 locations shown, whereas the SVM uses
just the support vectors as shown although all 800 locations are fed to
the SVM algorithms. Distinction is made (Fig. 2) between the support
vectors (filled circles) and nonsupport vectors (open circles). The non-
support vectors are the data within the prediction tube defined by the
VM parameter (Karatzoglou et al., 2018), which was set at ep-
silon = 0.3 (nondefault).

The overall pattern and local curvature of the GAM and SVM pre-
dictions are similar (Fig. 2). The GAM generally shows smoother pre-
dictions than the SVM. However, the little hooks (bends) in the SVM
solutions at the extreme far left and extreme far right are related to the
SVM becoming adherent to local information and then swinging back
towards the global mean of the data shown.

Generalized additive model (GAM) “
Support vector machine (SVM)
100 1 o Nonsupport vector . °

e Support vector

w
o
z
=
]
o
é
S 60
=
o
w
>
40 —

T T T T T
0 50 100 150 200

EASTING DISTANCE

Fig. 2. GAM and SVM model predictions in the a northing coordinate partition
between 50 and 100 (Fig. 1) along with support vectors, nonsupport vectors,
and global mean.

To further demonstrate potential extrapolation weakness in SVMs, the
data (Fig. 2) were then subsetted (Fig. 3) to create a large information gap
between the easting range of 100 to 150. The GAM reasonably extra-
polates through the gap, but the SVM swings toward the global mean of
the data. (Close scrutiny of the support and nonsupport vectors between
Figs. 2 and 3 shows reclassification by the SVM of some data points.)

In the context of monitoring network analysis, one topic of interest
is information gap detection. Because the SVM must regress (swing)
towards the mean as extrapolation is progressively encountered and
other methods, such as the GAM, behave differently, a range of the
largest of absolute differences in predictions between a GAM and an
SVM could be used. For example, consider a study domain of gaged and
ungaged (unmonitored) streamflow sites, large GAM and SVM differ-
ences predicted for either site type could forecast information gaps in
the network. Stakeholders might then choose to add new monitoring or
reactivate discontinued sites within those areas with gaps.

SVMs, at least as implemented by Karatzoglou et al. (2018),
have an inherent probabilistic nature. This is demonstrated by one more
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Fig. 3. GAM and SVM fits to data from Fig. 2 subsetted to demonstrate potential
extrapolation weakness in an SVM compared to a GAM across a data gap,
support vectors, nonsupport vectors, and global mean.

1-dimensional experiment. The SVM fit (Fig. 3 [red line] and Fig. 4
[green line]) and 300 repeated SVM fits (Fig. 4 [transparent red lines])
to the data show a range of outcomes. Modestly different solutions do
occur and are attributable in part to different combinations of support
and nonsupport vectors, but some trajectories seem more favorable
than others. An SVM, as it extrapolates beyond the data, swings toward
the global mean (especially seen in Fig. 3). A given trajectory is influ-
enced by the pseudo-random number generator seed in force before the
SVM is fit by the ksvm () function from Karatzoglou et al. (2018).

5. Measuring site importance using support vectors
5.1. Site importance for network analyses

Using functions from Karatzoglou et al. (2018), support and non-
support vectors can change between successive SVM fits to the same

—— Support vector machine (SVM) fit as in Figure 3
SVM (alternative simulations)
Support or nonsupport vector

o®

100 4

VERTICAL DISTANCE

0 50 100 150 200
EASTING DISTANCE

Fig. 4. SVM fit from Fig. 3 shown with 300 repeated SVM simulations to the
same data but showing various outcomes with no symbol distinction made
between support vectors and nonsupport vectors.
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Fig. 5. Output of Wood (2019) model plotting (mgcv: :plot.gam()) for a
GAM using a smooth on easting and northing for the 800 locations (grey circles)
with support vectors of the SVM (red circles) for estimation of the surface in-
cluding the smooth estimate (“s(X,Y,28.97)”) (10-unit contour interval) and +
standard error (“se”) estimates.

dataset. A hypothesis can now be stated based on support vectors con-
taining relatively more information than nonsupport vectors in the form
of a question: Does a sample of size n identified by the support vectors or
their frequency of identification, contain more information than a
random sample of size n drawn from the observational network con-
taining m sites? Or alternatively, are support vectors, though nonrandom,
a type of super subsample when subsetted from the original data?

5.2. Whole model perspective

Using the synthetic data (Section 3), a GAM and SVM (seed set to 1)
were fit to the 800 locations. Not accounting for the computed intercept
for the GAM as 800, the f(x;, ;) smooth for the GAM by the plot.gam

() function from Wood (2019) is shown in Fig. 5. The standard errors
of the contours also are shown. The figure clearly mimics some of the
hills and valleys in the data (Fig. 1). Out of the 800 locations, there are
the 369 SVM support vectors shown as red circles. A comparison be-
tween the GAM and SVM predictions at the 800 locations (Fig. 6) shows
general overall agreement.

The Nash-Sutcliffe model efficiency (NSE) and root-mean-square
error (RMSE) statistics of the entire sample (whole model, no cross
validation) are listed in Table 1. The GAM apparently is not affected
prior to fitting by the seed of the random number generator. The SVM
has systematically lower RMSE than the GAM, which is indicative of its
settings (defaults for ksvm () ) fitting tighter than the GAM to the data.
Of interest is the changing number of support vectors for the SVM,
which ranged from 245 to 369 for the four seeds.

5.3. Using support vectors and nonsupport vectors as subsamples

To understand the importance of support vectors as subsamples
from the original data sample, it is useful to fit GAMs to a sample
comprised of the locations identified as support vectors and then again
using the complement sample of the nonsupport vectors. For evalua-
tion, predictions throughout the 200 X 200 grid (Fig. 1B) were used with
the known Z (X, Y) to compute 40, 000 residuals. Because the 800 lo-
cations realistically do not exist at grid intersections, the NSEs and
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Fig. 6. Comparison of GAM and SVM predictions at the 800 locations of the
synthetic dataset with an equal value line.

Table 1
Nash-Sutcliffe model efficiency and root-mean-square error statistics for the
800 used in the GAM and SVM modeling approaches.

Seed” GAM SVM
NSE RMSE NSE RMSE NumSV
1 0.968 4.557 0.986 3.033 369
2 - - 0.990 2.518 290
3 - - 0.992 2.264 245
4 - - 0.990 2.595 302

[Seed, the integer used to set the random number generated before passing
through GAM and SVM construction; GAM, generalized additive model; SVM,
support vector machine for a seed of 1 (unity); NSE, Nash-Sutcliffe model ef-
ficiency; RMSE, root-mean-square error; NumSV, number of support vectors; —,
results do not change from seed equaling 1.]

? The seed on the pseudo-random number generator the generated the un-
derlying 800 locations (Fig. 1) was set to 62. The SVM algorithms (Karatzoglou
et al.,, 2018) have an inherent probabilistic feature; therefore, those SVMs
change somewhat even though the dataset fed to each SVM iteration does not
because the same data were fed to the GAM algorithms.

RMSEs listed in Table 2 are a form of cross validation. A GAM created
using the 369 support vector subsample predicting on the grid out
performs the GAM created using 431 nonsupport vectors.

Comparison of results for NSE and RMSE between two subsamples
types (Table 2) is informative. Recalling the seed of 1 in Table 1, a GAM
using the 369 support vector subsample (4 n™; Table 2) has larger NSE
and smaller RMSE relative to a GAM using the 431 nonsupport vectors
(— n®¥™). So although the input subsample of the nonsupport vectors is
about 1.17 times larger (431/369), that larger subsample actually pro-
duces a somewhat inferior model with respect to both NSE and RMSE.
The support vectors thus are conceptualized to represent a type of super
subsample conveying more information than the nonsupport vectors.

5.4. Simulation experiments with SVMs

Successive or looping iterations of SVMs that are fed the same data
produce results from slightly different models and hence support vectors.
As an example, this study uses n = 369 (the number of support vectors for
SVM) as a representative number of support vectors. Fixing to this sam-
pling size, an experiment using 20 simulations was made. The experiment
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Table 2

Nash-Sutcliffe model efficiency and root-mean-square error statistics for a GAM
using the support vectors as one sample and the nonsupport vectors as another
based on results of the SVM given a seed of 1.

Basis NSE RMSE Sample size
Entire grid (+ n®'™) 0.963 5.002 369 (Tables 1 and 3)
Entire grid (— n®'™) 0.953 5.593 431 = 800 — 369

[NSE, Nash-Sutcliffe model efficiency; RMSE, root-mean-square error; Sample
size, if + n'™, the subset from the whole sample of the support vectors, or if
— n™™, the complement sample of 800 — n. The “entire grid” means the
200 x 200 grid of the known surface was used to compute the listed statistics.]

was based on generating random subsamples of size n = 369 from the
population of 800 locations, fitting a GAM, and making predictions
throughout the 200 x 200 grid (again these are out-of-sample locations).
The results are shown by the + n™" listed in Table 3. The repeated SVMs
(similar to Fig. 4 for clarity) are the + n*"™ listed in Table 3.

Summary statistics of NSEs and RMSEs (Table 3) show that a range
of these statistics occur. In this experiment, there are differences be-
tween the central tendency of these to those of the single GAM (first
row of Table 2). The NSE for the GAM in the first row of Table 2 is about
0.963, which is greater than the third quartile of NSE for the + n™nd
(first row of Table 3). The RMSE for the GAM in the first row of Table 2
is about 5.002, which is below the first quartile of RMSE for the + nrnd
(third row of Table 3). These two comparisons show that a random
sample of size n produces a GAM that performs worse than the GAM
that used the 369 support vectors as one sample.

Using another 20 simulations, the + n™¢ = 369 NSE and RMSE
statistics listed in Table 3 represent simulations in which random
samples of size n = 369 were generated and a GAM fit after each sample
generation. It again is seen that the NSEs are generally smaller and that
the RMSEs are generally larger for random samples than they are for the
support vectors.

Simulations also can document a potential range in support vector
counts. Using 20 simulations, successive SVMs were fit to all of the 800
locations and the number of support vectors recorded. The number of
support vectors listed in Table 4 ranges between about 30 to 60 percent
of the original n = 800 dataset. The mean is about 351, which implies
that on average about 45 percent of the original dataset is identified as
support vectors for at least the Z(X, Y) data in this study (computed
using defaults of the ksvm () function). These percentages are termed
“support vector percentages” and abbreviated as .77, and the dis-
tribution of these is shown in Fig. 7.

5.5. Discussion

Support vectors are locations that reside away from the prediction
tube and form a type of covariate hull. The support vectors represent a
nonrandom super subsample, which is more informative than a random
sample of equal size. The Karatzoglou et al. (2018) SVM implementa-
tion has some probabilistic feature as its algorithms progress. The result
is that some observations are identified more frequently than others as
support vectors, and .77, for some locations are as high as 100 percent
and other locations have .7 near zero. The .74 distribution is in-
herently affected by the complexity of the surface, the errors associated
with it (e.g. .#7(0, o) measurement errors), and somewhat by the
number of observation locations. Identification of the most and least
informative sites using the .77 could be useful to stakeholders and
provide decision support in terms of the number of monitoring sites,
upgrading data collection instrumentation suites or recording intervals,
and rebalancing other data collection resources.

Relevance vector machines (RVMs) (Bishop, 2006; Tipping, 2000)
have an “identical functional form” to SVMs (Tipping, 2001), but a
defining characteristic of RVMs is that they can be considerably more
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Table 3
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Summary statistics from 20 simulations generating random samples and the NSE and RMSE computed from a 200 X 200 grid from GAMs using 2-dimensional smooths

and GAMs based only on SVM support vectors.

Basis and sample size” Statistic type Minimum First quartile Median Mean Third quartile Maximum
+ nrand = 369 NSE 0.923 0.952 0.957 0.954 0.960 0.971
+ ¥V = 369 NSE 0.958 0.960 0.964 0.966 0.972 0.981
4 prand — 369 RMSE 4.407 5.155 5.388 5.498 5.696 7.196
+ nvM = 369 RMSE 3.590 4.323 4.915 4.711 5.159 5.279

[NSE, Nash-Sutcliffe model efficiency; RMSE, root-mean-square error in units of length; + n™", a random subsample of indicated sample size; + n*™, the number of
support vectors in the support vector machine (SVM) were used to make each generalized additive model (GAM).]

@ The integer seed on the random number generator set ahead of the SVM.

Table 4
Summary statistics for distribution of the number of support vectors of SVM of
the 800 locations of the synthetic dataset with 20 simulations of leave-one-out.

Modeling Mini- First Median Mean Third Maxi-
approach mum quartile quartile mum
SVM 248 307 356 351 399 476

[SVM, support vector machine.]
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Fig. 7. Distribution of the support vector percentage (.2"73) as nonexceedance
probability of each of 800 locations occurring as support vectors of SVMs with
20 simulations of leave-one-out with red to blue color ramp prorated by .77,

sparse in “relevance vectors” than an SVM is in its support vectors. The
vectors of an RVM can be thought of as prototypical samples, whereas
the support vectors of an SVM are outside the prediction tube. RVMs are
computationally intensive, difficult to run for sample sizes larger than a
couple of thousand, and are susceptible to local minima as opposed to
SVMs that guarantee global minimization.

Some RVM simulations (data not shown), suggest that isolation of
only the relevance vectors is too sparse a subsample for reliable re-
gionalization by alternative methods, such as GAMs. For example and
for the 800 locations of the dataset, the number of relevance vectors is
often between 30 and 40. (The value 0.05 = 40/800 means less than
5 percent of the observations are needed to define the RVM.)
Combining the relevance vectors and the support vectors would seem to
identify effective subsamples; however, it is the author’s opinion that
RVM use to augment SVMs for the purposes here does not outweigh the
algorithmic, computational, and documentation overhead. The author
formed this conclusion using the synthetic data and the defaults of the
rvm () function from Karatzoglou et al. (2018).

6. Example application of support vector percentages

Using SVMs, a covariate space in five dimensions was studied based
on retrospective analysis of U.S. Geological Survey (USGS) peak
streamflows from an existing streamgage network in Texas (Asquith
and Roussel, 2009). These experimental results are restricted to the
study of a single statistic—the 10-year (0.1 annual exceedance prob-
ability) streamflow (Qq1). The Qq; was chosen in part because of its
highest adjusted R-squared of several regional regression equations
(Asquith and Roussel, 2009). The use of other streamflow statistics
could lead to different insights.

The objectives for the example application are (1) to identify the
least informative streamflow monitoring locations (streamgages), and
(2) to identify the most informative streamgages that also have not
operated since at least 2000 to the present (2019). The year 2000 is an
arbitrary choice and represents a premise that a streamgage not oper-
ated in the 21st century is a firmly discontinued streamgage but yet
shown as informatively critical by the SVM.

Asquith and Roussel (2009) used about 640 streamgages to develop
equations for estimation of peak-streamflow frequency for selected
annual exceedance probabilities in and near Texas. For the analysis in
this study, which list 536 streamgages with watershed properties and
the corresponding Qq; values, 536 streamgages in Texas were ag-
gregated from the original 638 streamgage network. For each stream-
gage, Qo1 and the watershed properties of contributing drainage area
(A), main-channel slope (S), and mean annual precipitations (P) also
were assembled from the Asquith and Roussel (2009) data files. The
latitudes (N) and longitudes (E) (U.S. Geological Survey, 2019) of the
streamgages were converted to an Albers equal area projection system
for North American (horizontal) Datum of 1983.

Using base-10 logarithmic transformations on Qq;, 4, S, and P and
no transformation on N and E, an SVM of the following form was used:

Qui~A+S+P+ N+E. (8)

Further, a leave-one-out for each of the 536 streamgages was used
along with a wrapping iteration (counted as a single simulation) to
repeat the leave-one-out 20 times. Thus, 10, 740 SVMs were con-
structed. For each SVM, the support vectors (actually the streamgage
identification numbers) were recorded, and then the percent of the time
each streamgage was a support vector ("7, support vector percen-
tage) was computed.

Approximately half of the 536 streamgages in the Texas network are
support vectors about 100 percent of the time (Fig. 8). These stream-
gages are branded as always support vector sites (ASV). About 25
percent of the streamgages (100 x 134/536) occur as support vectors less
than about 5 percent of the time for the 10, 740 SVM constructions, and
these are branded as nonsupport vector sites (NSV).

The NSV are effectively always within the prediction tube, which
means that all other streamgages including the ASV in the greater
network could provide sufficient information to build a regional model
having the capacity to make reliable estimates at the NSV locations. The
ASV define a type of generalized hyper-dimensional covariate hull of
watershed properties (inclusive of spatial location in Texas) conditional
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on Qo ;. These ASV sites are data points deemed by the SVM as critical
during its machine-based training process; the NSV sites almost always
have zero weights in the SVM. So it can be stated that by their very
definition, all ASV sites are more important than NSV sites.

100 200 300 400

kilometers

Base map from U.S. Census Bureau digital sources, 1:500k
Albers equal area projection
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A map is shown (Fig. 9) that separately identifies the ASV and
NSV sites. The ASV are plotted as upright triangles and NSV are
plotted as inverted triangles. The remaining sites are plotted as
rotated squares with a red to blue color ramp prorated by .77
between the ASV and NSV as was similarly done for Fig. 8. There are
283 streamgages that are support vectors 100 percent of the time
for which 152 have not operated since at least the 2000 calendar
year. These 152 streamgages are identified by the concentric circles
shown (Fig. 9).

The 152 streamgages are interpreted as especially important for
statistical regionalization of peak streamflow, but the corresponding
watersheds are currently (2019) not monitored. Most of these sites are
located in smaller drainage areas than the greater network. The overall
network median contributing drainage area is about 300 square kilo-
meters (km?), whereas the median contributing drainage area for the
152 streamgages is about 25 km? (Table 5).

These results show that many discontinued streamgages potentially
are critical for regionalization of the Q,; peak streamflow. The corre-
sponding watersheds are quite a bit smaller in area than the overall
network (Table 5). So by being classified as ASV, these streamgages
generally reside near the boundaries of 5-dimensional covariate hull
conditioned on the Q; peak streamflows themselves.

A need for peak streamflow on small watersheds in Texas is known
and documented (Harwell and Asquith, 2011), and since about 2000,
efforts have been made with stakeholders in Texas to collect additional
peak streamflow data on about 50 small watersheds in western Texas
(Asquith et al., 2018). This example application affirms an intuitive
understanding of Texas streamgage history—there potentially has been
a data-collection imbalance on peak streamflow data between small
watersheds and the overall streamgage network.

ASV sites (SV 100 percent of the time)

NSV sites (SV <=5 percent of the time)

Neither ASV or NSV sites with color blue to red color ramp
Indicator of ASV not operated since at least 2000

O e 4 »

SV, support vector
ASV, always a support vector
NSV, nonsupport vector

Color hue is prorated from
red to blue based on
nonexceedance probability.

Fig. 9. Locations of 536 streamgages in Texas from Asquith and Roussel (2009) used to create SVMs for estimation of 10-year (0.1 annual exceedance probability)
peak streamflow using watershed properties of contributing drainage area, main-channel slope, mean annual precipitation, and spatial coordinates. Symbology
summarizes distribution of support vector percentages from 20 iterations of 536 leave-one-out SVM constructions.
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Table 5
Summary statistics for distribution of contributing drainage area of selected watersheds in Texas from 20 iterations of 536 leave-one-out SVM constructions.
Dataset type Mini-mum First quartile Median Mean Third quartile Maxi-mum
(km?) (km?) (km?) (km?) (km?) (km?)
All:536, n = 536 0.259 14.89 297.84 168.73 1,474.34 24,162
ASV( < 2000), 1 = 152 .337 3.25 25.02 45.95 545.65 22,173

[km?, square kilometers; All:536, all 536 streamgages in the network; ASV, . »0), always support vector streamgages that have not operated since at least 2000 for
which the number of streamgages is n = 152. Note, the ASV, 5q0) could slightly change when re-using the code in the Supplementary materials accompanying this

paper.]
7. Conclusions

The distinction between support and nonsupport vectors by SVMs
measures site importance for hydrometeorologic monitoring network
analyses. Support vectors are those observations outside the prediction
tube during SVM training, and importantly, those observations close to
the SVM predictions have no impact on the SVM itself because their
weights are zero.

Simulations of a synthetic surface (2-dimensional) show that sup-
port vectors are especially important and contribute relatively more
information than a random sample of equal size. Though SVMs have a
nonlinear regression operational mode, the use of GAMs was really the
core estimation method. Using the known 200 x 200 grid of the surface
as a cross-validation tool, it was found that a GAM based on a random
sample performs on average worse than a GAM using support vector
subsamples of the data.

The example application demonstrated .79 interpretation to
identify discontinued streamgages in Texas that are especially in-
formative for a regional model of peak streamflow frequency, particu-
larly data from small watersheds. Scientists or stakeholders interested
in enhancing such regional models could potentially find these results
informative.

In the context of network analysis, four major insights are made.
First, the .77 values for sites are immediately useful for assigning
quantitative relative importance to active and discontinued sites.
Second, large differences between predictions from an SVM to a GAM
(or simpler multilinear regression) at monitored and unmonitored sites
could represent data gaps. Third, SVMs require limited data setup and
are computationally fast. Fourth, SVMs are complex but in simple one-
dimension use can be geometrically described to many audience types
including lay stakeholders.

Being that they contain more information than a random sample,
sites that always or very nearly so are support vectors can be inter-
preted as more important than sites that are infrequently to never are
support vectors. This is key to the use of support vectors and SVMs
within network analyses. A final remark is that the analyses here are not
to be confused that the author is advocating that statistical predictions
from nonSVMs (say from a GAM) be based on just the data identified as
support vectors by an SVM for any given statistical prediction method.
The use of either the whole sample with allowance for analysts to also
consider leave-one-out or other cross-validation schemes remains a
general standard of practice.
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