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CIVE 6361 Groundwater Hydrology 

  

 
Darcy’s Law and Continunity 

• Darcy’s Experiments (pp 24-27). 

• Gradients from field data (pp 28-29). 

• Groundwater systems (pp 30-31). 

• Measurement techniques (pp 47). 
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Determining Gradients from Field Data (Three Well Triangulation) 
 
Computing gradients is important in ground water hydrology.  A 
simple method that can be used with three wells is triangulation.  
Suppose three wells are completed in an aquifer as depicted below: 
 

 

3 Wells, all in same aquifer

 
 
From head measurements in each well, the groundwater hydraulic 
gradient can be computed and flow directions predicted. This 
triangulation approach has some special assumptions built into it: 
 
(1) Piezometric surface in the vicinity of the three wells can be 
approximated by a plane. 
(2) All three wells sample the same aquifer unit 
(3) The wells all measure vertically averaged head, or head at 
identical elevations in the aquifer. 
(4) Head measurements are taken at essentially the same time  
 
Objective is to determine the direction and magnitude of the 
hydraulic gradient. 
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Methods: 
 
(1) Graphical method 
(2) Mathematical method (solve the equation of the plane) 
 
Graphical method: 
 
a) Plot locations and static water level (SWL) elevations of each 
well. 

 

Hi

Med
Lo

LM

LH
HM

DLM

∆L

 
 
b) Identify High, Medium, and Low SWL elevations. (Shown as 
Hi, Med, and Lo in picture) 
 
c) Calculate point between High and Low wells where SWL = 
Medium Value from : 
 

 DLM = 
Med-Lo
Hi-Lo   * LH.  
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 Hi = head value at high well 
 Med = head value at medium well 
 Lo = head value at low well 
 LH = distance from High well to Low well. 
 
d) Draw equipotential line connecting points of equal head from 
Medium well to DLM along segment LH. 
 
e) Draw gradient orientation line perpendicular to this 
equipotential line. 
 
f) Compute hydraulic gradient as: ∆h/∆L where ∆h is the change in 
head between Medium well and Low Well, and ∆L is the distance 
between the medium well equipotential line and the low well 
equipotential line along the gradient orientation line. 
 
Mathematical Method: 
 
a) Plot locations and SWL elevations of each well. 
 

x3,y3,z3

x1,y1,h1
x2,y2,h2

x-axis

y-axis

 
 
b) Choose any arbitrary origin - measure x-component and y-
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component distances from this origin to each of the wells. 
 
c) Solve the equation of the plane for the piezometric surface 
(h(x,y) = ax + by + c) by constructing a linear system of equations: 
 

 h
 
1  = a x

 
1  + b y

 
1   + c 

 h
 
2  = a x

 
2  + b y

 
2   + c 

 h
 
3  = a x

 
3  + b y

 
3   + c 

 
This system can be written in vector matrix form as: 
 
 A (x) = b 
 

A = 
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Now solve this system of linear equations ( 3 eqn. 3 unk.) for the 
unknowns (a,b,c). 

Recall from linear algebra, x  =  A
-1
  b   Lotus 1-2-3, Excel, and 

Quattro spreadsheets all have matrix inversion procedures built in 
so that solving the system should be trivial.  The spreadsheet 
named MODEL1.XLS implements this approach. 
 
The results give coefficients of the plane equation, that when 
differentiated give the hydraulic gradient. 
 
h(x,y) = a x + b y + c 
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-grad(h) = - a
 
i  -b

 
j  where i and j are the unit directions of the 

arbitrary coordinate system.   
 
The sign of the result of differentiation indicates which quadrant 
the vector components reside. 
 
Simply slide this vector to any useful place on your map for 
subsequent flow calculations - be careful not to change the 
direction or length of the vector!   
 

x3,y3,z3

x1,y1,h1
x2,y2,h2

x-axis

y-axis

a

b

Hydraulic Gradient

 
 
To find the magnitude of the gradient (slope along the orientation 
direction) just compute the length of the vector: 
 

|-grad(head)| =  a
2
  + b

2
   

 
This gradient method also approximates the flow direction if the 
aquifer is homogeneous and isotropic with respect to the hydraulic 
conductivity field.  Otherwise, the generalized (2 or 3D matrix) 
form of Darcy's law must be used. 
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A B C D E F G H I

Groundwater Hydrology Gradient Spreadsheet
Field Data from Three Wells

x y head

Well 1 100 110 12
Well 2 400 100 13.5
Well 3 100 310 10.4

Hydraulic -0.0047333 <-i.

Gradient 0.008 <-j.

 

A-Matrix b-vector x-vector

100 110 1 12 0.00473333

400 100 1 13.5 -0.008

100 310 1 10.4 12.4066667

A-Inverse

-0.0035 0.0033333 0.00016667

-0.005 -1.948E-19 0.005

1.9 -0.3333333 -0.5666667

Head + 0 0 <-x Put (x,y) paris in shaded area
Function + 0 0 <-y

+ 12.4066667

12.4066667   <= h(x,y)

This spreadsheet prepared by
Theodore G. Cleveland, Ph.D.
All rights reserved

Hydraulic Gradient Vector Magnitude

Magnitude= 0.0092954

i= j=

0 0 Hydraulic Gradient

-0.509212491 0.8606408 Direction Cosines
x-dir.=> -0.509212
y-dir.=> 0.860641

-1

-0.5

0

0.5

1

-1 0 1

x

y

Instructions:  Enter data for three wells in shaded area above left.  Spreadsheet solves linear system and computes 
gradient.  Plot shows gradient direction.

y

0
100
200
300
400

0 200 400 600

 
 
MODEL1.XLS Spreadsheet program for 3-well gradient 
calculations. 
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Constant Head Permeameter 
 
The constant head permeameter is simply a device that exactly 
duplicates Darcy’s original experiment.  A sample is placed in the 
permeameter and constant head gradient is maintained across the 
sample.  The hydraulic conductivity is inferred by direct 
application of Darcy’s Law. 
 
 

Ah1

 
 

Figure 6.1 Schematic of Constant Head Permeameter 
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Figure 6.1 is a schematic diagram of a constant head permeameter.  
A sample of porous medium is placed the device.  The length of 
the sample is L, the cross sectional area of the sample is A.  The 
head is measured at the inlet and outlet of the sample.  h1 is the 
head at the inlet of the sample as measured from the outlet of the 
sample.  h2 is the head at the outlet of the sample.  Q is the rate of 
flow through the sample measured by recording the time required 
for a known volume of water to pass through the sample. 
 
Darcy’s law for this experiment is  

L

hh
KAQ 21 −

=   ( 6.1). 

 
Rearranging this equation gives the following formula for 
hydraulic conductivity; 
 

21 hh

L

A

Q
K

−
=

  (6.2). 

 
These computations can be conviently entered into a spreadsheet 
program.  MODEL2_CHPerm.xls is a spreadsheet program that 
implements these equations for a constant head permeameter. 
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C o n s tant Head Permeameter
Temperature (o C ) 20

Data C e ll F ormu las Diagram

A rea (A ) 225 c m 2̂
Leng th (L ) 25 c m

V o lum e (V ) 50 c m 3̂

T ime (t) 456 sec
Head  Lo s s  (dh) 15 c m

densi ty 0.998203 g/c m 3̂

v iscos i ty 0 .01005 g/(s e c  cm)
gra v ita tional 980 c m /sec 2̂

   a c ce leration

Computed Values B 5/B 6
F low(Q ) 0.109649123  =V /t

(B 15/B 3 )*(B 4 /B 7)
Hyd raulic  (K ) 8.1E -04 c m /sec

 C onductiv ity
B 17*B10 /(B 9*B 11)

Intrins ic    (k) 8.34435E -09 c m 2̂
 P e rmeabi l i ty

dh

Q

L

A

 
 
Figure 6.2 Example of MODEL2_CHPerm.xls 
 
To use the program the data is entered for a particular analysis.  If 
intrinsic permeability is to be calculated then the density and 
viscosity of water should be determined from a tabulation and 
entered into the spreadsheet. 
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Falling Head Permeameter 
 
The falling head permeameter is used when the hydraulic 
conductivity of the porous material is small.  In this case the 
constant head permeameter cannot easily generate a high enough 
gradient to produce measurable flow in a reasonable amount of 
time. 

L

 
Figure 6.2 Falling-head permeameter 

 
Figure 6.2 is a schematic diagram of a falling head permeameter.  
A sample of porous medium is placed the device.  The length of 
the sample is L, the cross sectional area of the sample is A.  A 
smaller area tube rises above the sample.  This tube provides the 
driving force required to move water through the porous sample 
with reasonably small water volume.  The area of this tube is a.  
The head is measured at the inlet of the sample as the height of 
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water in the tube above the sample, h(t).  Q(t) is the varying rate of 
flow through the sample.  Observe that in a falling head 
permeameter, both the head and the flow rate vary with time. 
 
Darcy’s law for this situation is 
 

L

th
KAtQ

)(
)( =   (6.3). 

A volume balance for the device leads to the following additional 
expression for discharge rate; 

dt

tdh
atQ

)(
)( −=   (6.4). 

 
Equating these two expressions gives a differential equation for 
flow in the porous medium; 

dt

tdh
a

L

th
KA

)()(
−=   (6.5) 

Separation of variables produces the following expression that can 
be integrated to relate head and time; 

dt
aL

KA

th

tdh
−=

)(

)(
  (6.6). 

Integration of this equation will provide a formula that relates h(t) 
and t in terms of hydraulic conductivity, tube and sample areas and 
the length of the sample. 
 

∫∫ −= dt
aL

KA

th

tdh

)(

)(
  (6.7). 

The result of the integration is 

t
aL

KA
Cth −=+))(ln(   (6.8). 
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To evaluate the constant of integration one considers at t=0, h=h0. 
 

)ln(0))(ln( 0hCCth −=⇒=+ (6.9). 
 
So the equation that describes the falling head permeameter is  

t
aL

KA
hth −= )ln())(ln( 0  (6.10). 

 
This equation is linear in time, so that a plot of the logarithm of h 
versus time should be a straight line, the slope of the line is 
proportional to the hydraulic conductivity, K. 
 

time

ln (h)
aL

KA
−

1.0

 
 
MODEL3_FHPerm.xls is a spreadsheet program that implements 
the falling head equations. 
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A B C D E F G H
Falling Head Permeameter
Data Diagram
Tube  D iame te r (d) 2 c m  
S a m ple D iam e te r (D ) 10 c m
S a m ple Length (L ) 15 c m
Initia l  head (  h(t=0)  ) 5 c m
F inal Head  (  h(t)  ) 0.5 c m
E lapsed tim e  (  t  ) 528 sec

density 0.999099 g/c m 3̂
v iscosity  0.011404 g/(se c  cm)
gravitational 980 c m /sec 2̂
   acce leration

Computed Values
V o lum e (Q ) 14.13717

Hydraulic  (K ) 0.002617 c m /sec
 C onductiv ity

Intrins ic   (k) 3.05E -08 c m 2̂
 P e rmeabil ity

L

d

D

h(t)

 
 

Figure 6.3 Example of MODEL3_FHPerm.xls 
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Field Methods 
 
In principle the measurement of hydraulic conductivity in the field should 

simply extend concepts of the permeameter devices, however the 

measurement of flow rates in field applications is not trivial.   

 

Wells and pumps are used in aquifer pumping tests, a subject of later 

articles.    If the flow rate is known in the field, and two wells are known to 

be located on the same flow line, then Darcy’s law can be applied directly to 

infer the hydraulic conductivity from head measurements at two wells, using 

concepts identical to the constant head permeameter. 

 

Infiltration tests, and auger hole tests can be used to infer hydraulic 

conductivity in a manner analogous to the falling head permeameter test. 

 
Tracers 

 

A tracer is a chemical introduced into an aquifer that is easy to detect in very 

low concentrations and is acceptable to intentionally introduce into an 

aquifer.  Existing pollutants already in the aquifer can be used as tracers, and 

certain types of isotope ratios can be used as natural tracers.   
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A tracer introduced between two wells that lie on the same flow line can be 

used to estimate the hydraulic conductivity of the aquifer between the two 

wells.. 

Well 1 Well 2

Flow

L

h1 h2

 
 

Figure 6.4  Schematic of Confined Aquifer System for Tracer Test. 
 

A tracer is introduced at well 1, for example a kilogram of 

rock salt is added to the well suddenly.  The concentration of 

chloride will increase immediately in well 1 proportional to the 

amount of salt added. 

As time elapses, the concentrated salt water moves downstream 

towards well 2.  The water mixes with the aquifer water so that the tracer 
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parcel (labeled water) spreads out, so that at well 2 we do not expect to 

recover all the salt mass, nor see the same peak concentration.  We do expect 

to observe a peak concentration whose arrival time is proportional to the 

average velocity of the pore water between the two wells. 

Figure 6.5 is a plot of how the concentration histories might appear.  

The spreading provides useful information of mixing, but that is a later 

subject.  The time of travel of the tracer peak provides the information 

required to infer hydraulic conductivity. 

time

Concentration

Well #1 History
Well #2 History

Tracer 
Deployed

tp (travel time)

 
 

Figure 6.5 Tracer Concentration Histories 
 

Darcy’s Law in terms of specific discharge is 

L

hh
KUUAQ 21  where

−
==  (6.11). 
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The pore water velocity that is the same as the tracer velocity is the specific 

discharge divided by the formation porosity, n; 

 

L

hh

n

K

n

U
u 21 

−
==   (6.12). 

 

The tracer travels a distance L in time period tp.  So the tracer velocity is L/tp.  

This velocity should be the same as the pore water velocity, so by equating 

these two velocities and solving for K we arrive at a formula for estimating 

K from a tracer study. 

 

)( 21

2

21

hht

nL
K

t

L

L

hh

n

K
u

p

p

−
=⇒

=
−

=

  (6.13). 

 


