CE 3372 WATER SYSTEMS DESIGN

1\ A LESSON 8: HYDRAULICS OF NETWORKS - FALL 2020




.~ OUTLINE

* Network Hydraulic Principles

* Constructing the Network System of Equations
¢ Link-Node Continuity Partition

¢ Link-Node Energy Partition

* Adding Pumps




« ~ NETWORK HYDRAULIC PRINCIPLES -

* Conservation of mass at a junction
¢ XInflow — 2XOutflow = O (at a node) -§ 4
e Positive demand at a node is an outflow E é QS\

N\ * Negative demand (injection into the network) is an inflow % ﬁ Q;g?
1 e One balance equation for each node a o b\

¢ Head has a single value @§
@ e Usually expressed as a pressure ch

) e Visualize as height of column of water
_ in a piezometer at the junction
/” Inflow




« ~ NETWORK HYDRAULIC PRINCIPLES

M Head Loss

* Conservation of energy along a )
|IIIII

conduit

* Modified Bernoulli’s equation

* Include fitting losses if known

* One energy equation for each
conduit (link)

Elevation Head

\\\\
.e Pressure Head

Datum




.~ BRANCHED SYSTEM

e * Distribution networks are multi-path pipelines

* One topological structure
IS branching

* One node (continuity)
* Three links (energy)

e Four unknowns:
VAD’VBD’VDC’HD

Figure 9: Branched pipe system




BRANCHED SYSTEM - ANALYSIS

Head loss in each pipe

Figure 9: Branched pipe system 'VA D

+ Apr

»VBD

Continuity at the node

= Apa

Vbe




.~ BRANCHED SYSTEM

o e 4 Equations, 4 unknowns .. =+fADLAD
Y Dap 29

* Non-linear so solve by

B PD LBD
Y * Newton-Raphson B +f B0 Dup 2g

A e Quasi-Linearization Lo Vuc
= %+ foc “Doc 29
® * Quadratic in unknown,
/ so usually can find AarfVap + AB = ApcVoc |
\ / solution in just a few iterations




. ~ LOOPED SYSTEM

o * | ooped system is where one or more pipes
rejoin at a different node.




. ~ LOOPED SYSTEM

e Nodes:
e Inflow = Qutflow

\ * Energy Unique | Loop
. * Links —- I

* Head loss along pipe

| // *Head loss in any loop is zero




Consider the branched system shown in Figure 19. In this example the friction factor is
assumed constant for simplicity, but in practice would vary during the solution computa-

< \o© an
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Figure 19: Branched pipe system

The hydraulics question is what is the discharge in each pipe and what is the total head at
the junction (notice we don’t know the junction elevation in this example — if the elevation
were specified, we could also find the pressure head).




.~ ~ EXAMPLE — BRANCHED SYSTEM

Solution First populate the four equations with the appropriate numerical values.

5000 Vap|Vap|

3000 Vip|V,
100 = hp + (O'OIS)W%

4000 Ve |V
—80 = —hp + (0.015)W%

2 2 2
7(0.6) Vap + 7(0.8) Vip — m(1.2)

4 1 1

Vbe




EXAMPLE — BRANCHED SYSTEM

Next, compute all the constants, and organize the 4 equations into a system of simultaneous
equations
hp 6.377V4p|Vap| 0 0 =70
hp 0 2.869Vsp|Vap| 0 = 100
hp 0 0 —2.551Vpe|Vpe| =80
0 0.2827V4p 0.5026Vgp —1.1309Vpe =0

(39)

Because the system is non-linear we need to employ some tricks. First, it is a quadratic
system so if a solution exists, Excel solver should be able to find one.

First a more conventional vector-matrix structure

1 6.377|Vap| 0 0 hp
0 2.869|Vap| 0 .| van
0 0 —2.551|Vpe| Van
0.2827 0.5026 ~1.1309 Ve

(40)

O = =

Now we can use solver to find a solution. We notice that the right-hand-side is a vector of|
“errors”. If we square these values and sum them (€€), then minimize this sum of squared
errors by changing hp, Vap, Vgp, and Vpe, the result should be the solution (if the error is
small enough).
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EXAMPLE — BRANCHED SYSTEM

Figure 20 is a screen capture of an Excel worksheet before starting the solution algorithm.
Notice the column labeled X contains an initial guess for the unknowns.

e

500 3000 4000
12
02327 0607 1131
0015 0015 0015
50
W12g) | 63776 28699 2.551

h D YV AD VY ED ¥ DC X RH3  AX

u] 0 700 7.377| 392164

11 Fipe2 1 0 2.Be9 H 1IJEI

12 Pipe3 1 0 0 -2551 80( -1.551| 5650.566

13 NodeD 0 0.2827 05026 -1.131 0f 0.346| 0.119439
198

SSE 13.49

16 Procedure: 1) Initial values [all ones is fine, must not retuin NAN)
(17 | 2) Solver -- Min SSE, by changing X

18 3) Vernfy colution
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Figure 20: Branched pipe system — Excel solution set-up
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After building the spreadsheet and preparing the columns, then the engineer must select
solver to minimize the error vector (the last colump in the worksheet). The SOLVER add-
in does the job nicely, GOAL SEEK might work, but provides less control of precision and

stopping criterion.
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Figure 21: Branched pipe system — Excel solution select solver

Figure 21 is the solver set-up for this example. When the engineer selects SOLVE then
the program will attempt to minimize the error by changing values of the X vector. The
example does NOT use program defaults, but instead reduces the tolerance and precision
values (in the Options section) and chooses the conjugate-gradient direction finding method

and centered differences.




EXAMPLE — BRANCHED SYSTEM

Finally, when the solver is completed, we recover the solution by multiplying the results
by pipe areas to obtain the flows. Figure 22 is the solution for this example (the arith-
metic was added at the bottom after the program converged to the near-zero ”sum-squared-
error”).

E3 Microsoft Excel - Book1 B@@

@) Fle Edt View Insert Format Tools Data Window Help v .8 X
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f 0015 0015 0015
/D 125 5625 50
(UD)(172g)  6.3776 2.8699 2.551

| 9 | h D VAD VBD VDC X RHS AX (AX-RHS)*2
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Figure 22: Branched pipe system — Excel solution




EXAMPLE — BRANCHED SYSTEM

The results are:

1. Qap = —0.381m?/s, from Node D to Reservior A (opposite the original assumed
direction).

. Qpp = 1.273m?/s, from Reservoir B to the node (the assumed flow direction in this
pipe).

. Qpc = 0.89m3 /s from the Node D to reservoir C (the assumed direction in this pipe).

. hp = 81.6m.

An alternate solution approach is to guess values of hp and use the energy equations to
find resulting flows in each pipe. Then adjust the guess until continuity is satisfied. Lastly,
the reader might (correctly) conclude that we could have built the spreadsheet to directly
solve by the Newton-Raphson method where the Jacobian is computed from the coefficient
matrix (and some calculus) and an update formula is directly built into the spreadsheet.
This approach (Newton-Raphson) is outlined in the section on networks and is the method

employed in the EPA-NET computer program.




EXAMPLE — LOOPED SYSTEM

Example
Figure 24 is a parallel pipe system with two pipes that together convey 20 cubic-feet-per-

second of water.
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Figure 24: Parallel pipe system. Find ), and Q).

Pipe 1 is a 3000-foot long, 12-inch diameter pipe with constant friction factor of 0.01. Pipe 2
is a 3000-foot long, 24-inch diameter pipe, also with friction factor 0.01. Find the discharge

in each pipe.




EXAMPLE — LOOPED SYSTEM

Solution
This example is really a simple network. First we assume flow directions (shown in the
sketch). Next we will write the node equations.

.Pli +20 _Ql —Q2 —Qf =0 (41)
P: =20 +Q1 +Q2 +0 =0

The fictitous pipe (Qy) will be explained shortly — at the solution its flow value will be
forced to zero.

Next we write a head loss equation around the loop, the sign convention is that if the loop
traverse direction (CCW or CW) is the same as the assumed flow direction, then the head
loss is positive. If the loop traverse direction and the flow direction are opposite, then the
head loss is negative. Figure 25 illustrates this convention (and uses CCW as the traverse
direction).
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Figure 25: Sign convention in loop traverse




EXAMPLE — LOOPED SYSTEM

Using this convention we then write the loop equation(s).

Ly: +0 —,fzfgIBlQ1|Q1| +%Q2|Q2| +0 =0 (42)

Next we combine the node and loop equations into a system of equations (as before) and
build a solution algorithm.

-1 —1 1 Q1
1 ]. O [ ] Q2
@l Bl o) \Qs




EXAMPLE — LOOPED SYSTEM

We now have a matrix-vector form of three non-linear simultaneous equations in three un-
knowns (with the added knowledge that one of the unknowns must be darned close to zero
at the answer!). We could solve the same way as before, but instead, will directly build a
Newton-Raphson solution.

To do that, we need to recall some calculus. Recall Newton’s method for non-linear root

finding:

k
k+1=$k_€§$ ) (44)
E'zk

€T

This update equation solves f(x) = 0 if the initial guess is adequate and the derivative is
non-zero. Our problem is the same except we need a multi-dimensional extension of Newton’s
method.




EXAMPLE — LOOPED SYSTEM

Our function is G(Q) =0 and the multi-dimensional “derivative” is the Jacobian of G
evaluated at the current (¥) guess.

Constructing G is straightforward, we just subtract the right hand side (the demand vector)
from the model.

-1 -1 Q\ /20

R WY HLelQu 8fL21|Q2| o)\ T\ 0 )

The Jacobian is trickier. The Jacobian is the matrix of partial derivatives of G, evaluated
at the current guess.
0 4
J(G) = | 55¢ 9 1 1 0 (46)

8fL 8fL
o —2: 5511 25551Qal O




EXAMPLE — LOOPED SYSTEM

Now the update formula by analogy. The single variable derivative term is replaced by the
vector matrix operation using G and its Jacobian

fl*)
&

— G ~-JG(QY)] e G(QY) (47)

dz |a:"
Thus the update formula (updates each element of the () vector) becomes

Q! = QX — J[G(QY)] ' ¢ G(Q¥) (48)

In this case we stop when the function actually gets to zero or when the solution stops
changing. The trick in setting up a spreadsheet is to be sure the update occurs after the
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EXAMPLE — LOOPED SYSTEM

Figure 26 is a spreadsheet implementation of this example, before the updating begins.
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Figure 26: Simple network model using Newton-Raphson updates before iterations. Arrows
indicate update path — notice the loopback is at bottom and right, so all rows are done
before update. Also notice reset and iteration counter. These help control computations.



EXAMPLE - LO

Figure 26 is a spreadsheet implementation of this example, before the updating begins.
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Figure 26: Simple network model using Newton-Raphson updates before iterations. Arrows
indicate update path — notice the loopback is at bottom and right, so all rows are done
before update. Also notice reset and iteration counter. These help control computations.

The function matrix is shown and the G(Q) is computed in column H. The A(Q) is simply
a matrix multiplication from which the RHS is subtracted.

The Jacobian matrix is built from the function matrix. The column DQ is the ratio of the
function and derivative at the current guess, and the lower right column Q-(k+1) is the
update following the multi-dimensional analog to Newton’s method.




B3 Microsoft Excel - Book1
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Figure 27: Simple network model using Newton-Raphson after 100 iterations. G(Q) is for
all practical purposes 0, hence the problem is completed.




EXAMPLE — LOOPED SYSTEM

Figure 27 is the result of 100 iterations and represents the solution. In this example, the
flow distribution is

1. Q1 = 3.00m3/s in the assumed direction.
2. Qo = 17.00m?/s in the assumed direction.
3. Q5 =0, which it should at the solution!

4. Ahi_<9 = 6.79m, regardless of path. The head loss around a loop must be zero, but
just as important is the head loss between the two nodes.




~ ~ NETWORKS

| * Branched and looped systems are called
networks

* Multiple paths for water to flow in the system

* External “demands” are applied at nodes

* External “supply” is treated as negative
demand




~ NETWORKS

* Analysis techniques
* Hardy-Cross (Loop Only Equations)

* Newton-Raphson (Node+Loop Equations)
* Hybrid Method (Haman and Brameller (1971))(Node+Pipe
A Equations)

® * Build node and pipe equations (LIKE THE BRANCH
/ SYSTEM)

* Then solve the SIMULTANEOUS non-linear system for
- flows and heads




~ ~ NETWORKS

! * Consider the system below

-5 .
k=1.0xl0 " - all pipes
W11 x1075 Y,




~ ~ NETWORKS
.~ * Six pipes

*4 nodes + 1 RESERVOIR (Fixed grade node)
. * Demands shown at nodes

* Flow arrows for sign convention




~ ~ NETWORKS

e Continuity is written at nodes (node equations).

® Energy loss (gain) is written along links (pipe equations).

* The entire set of equations is solved simultaneously.




« ~ NETWORKS
| * Define an unknown vector (X)

Define the flows in each pipe and the total head at each node as ; and H; where the
subscript indicates the particular component identification. Expressed as a vector,
these unknowns are:

@1, Q2, Qs, Qu, Qs, Qs, Hy, Hy, Hj;, Hi




NETWORKS

* Build the node and pipe equations

If we analyze continuity for each node we will have 4 equations (corresponding to
each node) for continunity, for instance for Node N2 the equation is

Q2 —Qs Qs

Similarily if we define head loss in any pipe as AH; = f—Ski = D5 |Q:|Q; or AH; = L;Q;,

where L; = f— D5|QZ| then we have 6 equatlons (correspondmg to each pipe) for

energy, for instance for Pipe (P2) the equation is*”

_L2Q2




NETWORKS

* Build the node and pipe equations

If we now write all the node equations then all the pipe equations we could construct
the following coefficient matrix below:®

|
—
|
—_

OOBOOOOHO

N

O~NO OO O

ot

1
0
0
0
Iy
0
0
0
0
0

|
COoO0CONOOO
[\
|
OO INO OO
w

Declare the name of this matrix A(x), where x denotes the unknown vector of Q
augmented by H as above. Next consider the right-hand-side at the correct solution
(as of yet still unknown!) as




NETWORKS

* Build the node and pipe equations

Declare the name of this matrix A(x), where x denotes the unknown vector of Q
augmented by H as above. Next consider the right-hand-side at the correct solution
(as of yet still unknown!) as

0, 4, 3, 1, =100, 0, 0, 0, 0, 0]=hb

So if the coefficient matrix is correct then the following system would result:

Ax)-x=Db

which would look like




NETWORKS

* Build the node and pipe equations

—
——

|
—_
|
—
|
[
o O
—_ O
——

|
—_

|
—_

OOBOOOOHO

N

ONO OO O

|
© OO OO NSO OO =
—_
ot

|
SCoococogm WO
S

|
COO0OINOO O
[\
|
o oo o Ol o
b‘
w
~NO O O o o|o

~

~

[

14)

Observe, the system is non-linear because the coefficient matrix depends on the cur-
rent values of Q; for the L; terms. However, the system is full-rank (rows == columns)
so it is a candidate for Newton-Raphson.




.~ NETWORKS (HYBRID METHOD)

e Continuity is written at nodes (node equations).

® Energy loss (gain) is written along links (pipe equations).

* The entire set of equations is solved simultaneously.




N

ADDING PUMPS

* A pump is treated as a link that adds head in a predetermined flow direction

rather than removing head

* So it will replace a link equation somewhere in the network model

* Typical equation structure is

exponent
— Hshutoff - Kpume P




~ ~ NETWORK ANALYSIS WITH A PUMP

eUse the prior example as the network, but will
replace the supply pipe with a pump and see
how that changes the system of equations that
o need to be solved.




-5 :
k=1.0xlo " - all pipes
e h1x10”5 Y

PUMP
Hp=Hs-KQ*2




"‘5 .
k=1.0xlo " - all pipes
e h1x10”5 Y

PUMP
Hp=Hs-KQ*2

A
NL gg N

£3

We have to specify how the pump curve will be represented. In this example we will
use a functional form.

hp(Q) = Hohutorf — Kpump X Q" (105)

For this example we will use the following numerical values for the pump function:
Hpuiors = 104.54 feet, Ky, = 0.25 feet/cfs?, and n = 2.




~ ~ NETWORK ANALYSIS WITH A PUMP

* The actual pump curve function is built in a similar fashion as the loss terms

from the previous lesson.

e hp(Q) = [Hshutor1/|Q| — Kpump X |Q[]Q

/ ® Again sign conveys direction

* We should test for the implicit divide-by-zero that can occur as Q=0, and just

use the shutoff head at that value
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Original Problem

* Here is how the “equations” change :




Change Supply Head
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* Here is how the “equations” change :




NETWORK ANALYSIS WITH A PUMP

* Here is how the “equations” change : Change Supply Pipe to Pump

n \ /n\

s gFu ction
6 h/Q— [H Kpump * Q]

Q4
Qs




~ NETWORK ANALYSIS WITH A PUMP

* Here is how the “equations” change : New Model Equations

|
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NETWORK ANALYSIS WITH A PUMP

e * Now, encode the new model into a solution tool and proceede.




~ ~ NETWORKS — WHY MODEL?

1 * What is the flow distribution if the demands are
changed as shown?




. NETWORK MODELING PROTOCOL

Sketch the network

)
°

A ¢ Label the nodes, links, supply, and demands

Build the node-arc incidence equations

¢ Continuity at each node

Build the pipe head-loss equations

N e Head at start node, minus head loss equals head at end node

)
°

Build and run a computation tool (spreadsheet)

s * Make an initial guess of flow rates

e Execute the computation tool, update guesses, continue until have flow balance and zero

error term




'
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.~ ~ NETWORK MODELING PROTOCOL




WHAT IF¢

* Once the tool is built, then “what-if” questions can be posed.

* What is the flow distribution if the demands are changed
as shown?

6000 ft-16in. ¢ 6000 ft-12in. ¢

3000 ft-10in. ¢

o
&
0
U
<
e
w
o~




* Once the tool is built, then “what-if” questions can be posed.

* As the network component count increases, the system of equations get big

fast — A really complex problem would be beyond the practical limits of spreadsheet computing
(the spreadsheet could do it, it would be hard to construct and maintain)
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