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Highly compactible filter cakes respond to pump pressure in an unexpected manner. At relatively
low pressures, the filtrate rate reaches a constant, maximum value and does not increase when
the pressure increases. Slurries containing large fragile flocs with high porosity (biosolids, and
wastewater sludge) lead to highly compactible sediments and filter cakes. When the local specific
flow resistance R increases more rapidly than the local effective pressure ps (dR/dps > 1), the
region of supercompactibility has been reached. Methods are presented for estimating the
magnitude of the pressure at which the rate approaches its limiting value. The interaction of
centrifugal and constant-rate pumps with slurries of highly compactible materials is analyzed
in this article. Centrifugal pumps should be chosen so that the pump pressure does not fall in
the region where the rate is unaffected by pressure. Constant-rate pumps lead to exceedingly
high pressures at very short times.

Flow through Compactible Cakes

Solutions of differential equations governing flow
through compressible sediments and cakes require
constitutive equations relating permeability K, specific
flow resistance R, and solidosity εs (volume fraction of
solids) to the effective pressure, ps. Empirical constitu-
tive equations have generally been in the form of power
functions of ps. We shall use the following equations:

where â, n, δ, and pa are empirical parameters and εs0,
R0, and K0 are values for an unstressed cake. Param-
eters in eq 1 are subject to

which shows that only two of these parameters are
independent. It should be noted that the resistance R
and permeability K are not in a reciprocal relation.

The magnitudes of n and δ determine the degree of
compactibility and have a large effect on cake behavior
under load. When both n and δ are greater than unity,
a profound change in behavior takes place, and the
matrix of particles forming the cake or sediment is
termed highly or supercompactible. Above a relatively
low pressure (less than 1 atm for biosolids in urban
wastewater systems), increasing pump pressure neither
increases the flow rate nor decreases the average cake
porosity.

In pressure filtration in the absence of inertial and
gravitational effects, ps and the liquid pressure pL are
related by

where p ) applied pressure at the cake surface. The
quantities pL and ps vary with position and time. With
the exception of gravity filtration with a falling head,

the applied pressure p is either constant or an increas-
ing function of time. For the simplest model usually
encountered in the literature, the superficial liquid flow
rate q is assumed to be constant throughout the cake
and a function of time alone. The solid velocity is
assumed to be small in comparison to the liquid velocity
and is normally neglected.

Tiller et al.1 made a study of liquid and solid velocities
in cakes being compacted during constant pressure
filtration. In general, q could be considered independent
of x for dilute slurries and for cakes having high
porosities. As the porosity εL of cakes decreases as the
medium is approached, the local velocity uL increases.
The product εLuL which equals q has a considerably
smaller variation than either εL or uL.

Darcy’s law relates the pressure gradient to the flow
rate in the form

where q ) liquid flow rate/unit area, µ ) viscosity, x )
distance from the supporting medium to an arbitrary
point in the cake, and ω ) volume of inert solids/unit
area in distance x as illustrated in Figure 1. Perme-
ability is employed in the spatial coordinate system with
x, and specific resistance is used with the moving
material coordinate ω. Shirato et al.2 introduced a more
general form of Darcy’s formula in which the relative
velocity was used and uL was not assumed to be
independent of x. In this approximate analysis, q will
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Figure 1. Diagram of a cake with spatial, x, and material, ω,
coordinates.
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be assumed to be constant at any given instant. As K
and R are functions of ps in accord with eq 1 and are
not functions of the liquid pressure, the differential dpL
must be replaced by -dps in eq 4 to give

where v ) the filtrate volume/unit area and t ) time.
As K and R are functions of ps, expressions in eq 5 can
be integrated to yield q as a function of the pressure
drop across the cake.

The differential volume of solids and the total volume
of solids/unit area ωc are related by

The volumes per unit area of slurry and filtrate, v,
can be related to the volume of cake solids, ωc, and cake
thickness by means of an overall volumetric balance in
the following form:

where æs is the volume fraction of solids in the slurry.
Solving for v yields

Although εsav varies with the pressure drop through a
cake, it is frequently assumed to be constant and equal
to the experimental value obtained at the end of a run.

Flow Rate as a Function of Pressure Drop

Equation 5 can be integrated if q is assumed to be
independent of x and ω. Limits of integration are

The liquid pressure at the medium is related to the
medium resistance by

and p - p1 ) ∆pc the pressure drop across the cake.
Using the relations provided in eq 1 and integrating
leads to

Dividing eq 11 by eq 10 provides a useful relationship

for the average volume fraction of solids:

Equations 10-12 provide relationships between q and
εsav and ∆pc for moderately compactible cakes. For
highly compactible cakes, n and δ exceed unity, and (1
- n) and (1 - δ) are negative. Equations 10-12 are best
changed into other forms to demonstrate a distinct
change in behavior. Equations 11 and 12 become

As the pressure drop increases indefinitely, eqs 13 and
14 approach the following limiting values:

Both q and εsav rapidly reach limiting values and then
are unaffected by further increases in ∆pc. For biosolids
encountered in urban wastewaters, the limiting values
predicted by eqs 15 and 16 may be reached at less than
0.5 atm. In Figure 2, q and εsav are shown for attapul-
gite3 (δ ) 1.25, n ) 1.12, â ) 0.13) as a function of ∆pc
up to a maximum filtration pressure of 25370 kPa (3680
psi). In this severe test, the average cake solidosities
and flow rates were measured for various constant
pressure filtrations. Beginning with εs0 ) 0.09, εsav rose
to 0.2 and remained unchanged. Substitution of the
parameters into eq 13 produces εsav ) 0.19 which is in
reasonable agreement considering the accuracy of the
parameters.

Constant Rate Filtration

If the rate is constant, the volume is given by v ) qt.
Substituting this value for v in eq 8 and solving for ωc
produces

This equation can be substituted into eqs 11 and 13
respectively for moderately (n < 1) compactible cakes.
Use of eq 11 leads to

dν
dt

) q ) - K
µ

dps

dx
) -1 1
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dω
(5)
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Figure 2. Average solidosity and flow rate as function of the
pressure drop during constant pressure filtration.
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Although εsav changes with ∆pc, the variation of φs/εsav
is small for the frequently encountered case of dilute
slurries, and does not have a large effect on the term (1
- φs/εsav). When ∆pc/pa reaches a sufficiently large value,
eq 18 can be approximated by

When n exceeds unity, eq 13 is employed and the
equation corresponding to eq 19 becomes

It is clear that a substantial change occurs when n
becomes greater than unity. Solving for ∆pc in eq 19
and combining the parameters yield

When n ) 0 the material is incompressible and ∆pc is
linear in t. For n ) 0.5 and 0.75, the relationship leads
to (q2t)2 and (q2t)4 and successively higher powers as n
approaches unity. The effect of increasing values of n
is demonstrated in Figure 3. Relative scales for both
pressure and time have been adopted in order to
illustrate the profound effect that the compactibility
coefficient n exerts on the shape of the curves. For an
incompressible cake with n ) 0 and negligible medium
resistance, both the pressure and the cake thickness
increase linearly with time. When n equals 0.5, the
exponent in eq 18 equals 2.0, and the pressure is
parabolic in the time. As n increases, the power also
increases; when n ) 0.9, a tenth power results. Although
eq 18 is not theoretically correct for n ) 1, it is clear
that an increasingly steep relationship with a vertical
asymptote of relative time equal to unity is approached.

Two plots of experimental data for Kaolin4 and
Fe(OH)3

5 along with calculated values for highly com-
pactible activated sludge6 with n ) 1.4 are included in
Figure 3. The reference points for the experimental runs
were as follows: Kaolin: t ) 100 min, p ) 496 kPa (72
psi); Fe(OH)3: t ) 18 min, p ) 689 kPa (100 psi). The
experimental curves for the two materials lie in posi-
tions predicted by eq 19. Although the calculated values
for the activated sludge appear to follow the trends
exhibited by the pressure versus time curves for materi-
als with n < 1, there are distinct differences which will
be considered next.

Supercompactibility and Constant Rate

When n > 1, the behavior of filter cakes undergoes a
distinct change as illustrated in Figure 3 where the flow
rate and average solidosity were unaffected by increas-
ing pressure drop across the cake. Assuming that the
pressure drop and time are related by eq 17 when n >
1, plots are shown in Figure 4 for the materials whose
characteristics are given in Table 1. A flow rate of q )
0.0001 m/s, µ ) 0.001 Pa‚s, and φs ) 0.003 was chosen
for the calculations. At other flow rates, the time scale
would be proportioned to the square of q.

At q ) 1.0 × 10-5 m/s, the scale would be multiplied
by 100. The general shape of the curves at the various
rates would be retained with a sharp upturn occurring
at a value dependent on ∆pc/pa and n. The time
approaches an asymptotic value1 which can be obtained
by letting ∆pc approach infinity in eq 20. The asymptotic
time is given by

If a value of q2t larger than that given by eq 22 is
substituted into eq 21, a negative value of ∆pc results.
Equation 20 is only valid through the range of effective
pressure in which the parameters of eq 1 are constant.
As ps increases, cakes reach a compressed state in which
R, K, and εs approach limiting values; the parameters
in eq 1 must be modified. As a consequence, the
equations which have been derived are not quantita-

Figure 3. Constant-rate filtration of compactible materials
illustrating the effect of n. The curves marked 0.5, 0.75, and 0.9
are power functions with powers respectively given by 2, 4, and
10.

Figure 4. Pressure drop, ∆pc, vs time for supercompactible
materials with n > 1. Calculations based on eq 22 with q ) 0.0001
m/s for the activated and Eindhoven-Mierlo sludges, and 0.001
m/s for the water treatment sludge.

Table 1. Parameters for Highly Compactible Materials

material
water treat-
ment sludge

Mierlo
biosolid

activated
sludge

εs0 0.036 0.03 0.05
R0, m-2 1.02 × 1011 4.02 × 1012 3.62 × 1014

K0, m2 2.73 × 10-10 8.30 × 10-12 5.53 × 10-14

â 0.65 0.47 0.26
n 1.95 1.83 1.40
δ 2.60 2.30 1.66
pa, Pa 18 1000 190

Dick and Shin7 LaHeij8 Kwon6

q2t )
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pa
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∆pc
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n
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1 - 1
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tively valid at very high pressures. Nevertheless, they
provide a reasonable picture of the behavior of highly
compactible cakes during pumping.

Although constant-rate pumps have frequently found
favor in the filtration industry because of the absence
of shear forces which degrade aggregates, the behavior
shown in Figures 3 and 4 indicate dangers which may
result from sudden increases in pressure. If a recycle
line is installed to limit the pressure, operation can
continue with a reduction in flow rate. Assuming the
pressure drop is sufficiently high for eq 15 to be
employed and eq 8 is used to relate ωc to v, the following
equation results:

Substituting for εsav as obtained from eq 16 and inte-
grating from the time and volume (t1,v1) at the end of
the constant-rate period to an arbitrary (t,v) leads to

where v1 ) qt1. Thus, a conventional parabolic filtration
follows the constant-rate period.

Comparing eq 23 with eq 11 leads to the following
value of the average specific resistance for supercom-
pactible cakes:

Thus, Rav is directly proportional to the pressure drop
across the cake. When ∆pc is doubled, Rav also doubles,
and the flow rate is unaffected.

Variable Pressure; Variable Rate Filtration

Variable-pressure, variable-rate operation is fre-
quently encountered because of the extensive use of
centrifugal pumps in industry. In the laboratory, stepped
pressure experiments can be employed to simulate
centrifugal and constant-rate pump operation. Pressure
versus flow rate characteristics for various types of
pumping mechanisms are illustrated in Figure 5. Ar-
rows point in the direction of increasing time. Although
constant pressure operation has dominated the litera-
ture and laboratory practice, Avery9 stated that the
diaphragm and single-screw rotary pumps are the best
choices for industry as they do not degrade aggregates
and are capable of handling concentrated slurries with
high viscosities.

In Figure 6, a characteristic centrifugal pump curve
is illustrated with the pressure shown as a function of
the rate. As the rate q in the theoretical developments

is based on unit area, the pump rate supplied by
manufacturers must be divided by the filter area.
Centrifugal pumps should not be operated at too low a
pressure to avoid cavitation. Point A in Figure 6
represents the limiting condition below which the pump
should not be operated. The combined resistances of a
throttle valve in the feed line and the medium resist-
ance, Rm, supporting the cake lead to a pressure drop,
p1, represented by the line OA. The throttle is adjusted
so that the rate never exceeds the value corresponding
to point A. The pressure drop across the cake, ∆pc, is
shown by BC and is given by p - p1.

Equation 11 can be adapted to centrifugal pump
operation by replacing ωc by eq 8 and then solving for
v, thus,

When n > 1, eq 13 replaces eq 11. As ∆pc is a function
of q, eq 26 leads to v as a function of q. The time required
to reach a given point (q,∆pc) can be obtained by
integrating the expression dt ) dv/q.

The graphical interpretation of eq 27 is given in Figure
7. Starting at point A where filtration begins, v ) 0 and
the rate is given by qA. The area under the curve in
Figure 7 equals the time of filtration. As a rule the curve
AB does not vary substantially from linearity, and an
upper limit on the time is given by

Figure 5. Characteristics related to various mechanisms of
pumping. Arrows point in the direction of increasing time.

qv ) v dv
dt

)
1 - φs/εsav

µφs
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µR0[ 1
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- 1
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Rav ) (n - 1)R0∆pc/pa (25)

Figure 6. Centrifugal pump characteristics as related to ∆pc.

Figure 7. Determination of volume vs time using a centrifugal
pump.
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For highly compactible cakes, pressures reached on the
characteristic curve of Figure 6 may be such that the
rate is no longer affected by pressure increases and is
controlled by eqs 13 and 15. To develop a criterion for
the pressure at which the rate levels off, it will be
assumed that the rate q as given by eq 13 has reached
a fraction of the maximum rate which is independent
of ∆pc and is given by eq 15, then

Solving for ∆pc

If γ ) 0.9, values of ∆pc for the three materials in Table
1 are 15 kPa for Eindhoven Mierlo sludge,8 59.9 kPa
for the activated sludge,6 and 0.2 kPa for the water
treatment sludge.7 Although the accuracy of the param-
eters could be questioned, the results point to the
relatively low values at which the flow rate no longer
responds to increases in pressure. Pumps should be
chosen so that the pressure corresponding to the value
obtained from eq 30 lies at a point such as D on Figure
6.

For materials similar to the Eindhoven-Mierlo sludge
and Korean-activated sludge, low pressure or vacuum
filtration might represent reasonable choices. The low
value of 0.2 kPa for the water treatment sludge corre-
sponds to a pressure of about 2 cm of water and points
to the use of gravity filtration followed by expression
on a belt filter.

Korean-Activated Sludge

The activated sludge investigated by Kwon6 of Inje
University, Korea, will be used for an example calcula-
tion. Adapting eq 10 to materials with δ > 1 leads to

Letting µ ) 0.001 Pa‚s, substituting values of K0, pa,
and δ from Table 1, and using the previously calculated
value (eq 30) of ∆pc ) 59.9 kPa produces

Assuming a cake has a thickness of 1.0 cm leads to q )
1.556 × 10-6 m/s or 0.0023 gpm/sq ft. Pressures above
59.9 kPa would be ineffective, and inclusion of medium
resistance would further reduce the calculated rate. A
filter with an area of 1000 sq ft (92.9 sq m) would only
produce 2.3 gpm (8.71 lit/min) with L ) 0.01 m. As the
thickness increased, the rate would further decrease in
accord with eq 32.

The extremely low filtration rate points to the neces-
sity of increasing K0 and decreasing δ. In practice,
inorganic salts (FeCl3,Al2(SO4)3), polyelectrolytes, and
filter aids are employed to increase flow rates.10 In
addition to the problem of low rates, the average volume
fraction of solids in highly compactible cakes is generally
low. Use of eq 14 with ∆pc ) 59.9kPa leads to a value
of εsav ) 0.076. Equation 16 which yields the ultimate
limit as ∆pc increases indefinitely yields 0.0825. As the
average cake solidosity is frequently below 0.111 and
increasing pump pressure is ineffective, expression

operations and body forces produced in centrifuges12

represent options for increasing the percentage of cake
solids.

Stepped Pressure Filtration

In general, industrial laboratories are not equipped
to perform experiments which yield the parameters
appearing in eq 1. An alternative procedure consisting
of a series of stepped pressures can be employed to
obtain useful information. The most important data
relate to identifying the approximate pressure at which
q and εsav no longer respond to increasing ∆pc. An
example of a stepped pressure experiment is shown in
Figure 8. A City of Houston Simms Bayou waste-
activated sludge, WAS (3.34 wt % of solids) was treated
with differing amounts of cationic acrylamide copolymer
in mineral oil. After diluted polymer was mixed with
the sludge, the slurry was poured into a filter and
pressure was applied with compressed nitrogen. Start-
ing with an initial pressure of 34.5 kPa (5.0 psi), the
pressure was increased in increments of 34.5 kPa to a
maximum pressure of 206.7 kPa (30 psi) at intervals of
400 s. Except for a slight increase in the slope of v versus
t at the end of the first two-step increases (400 and 800
s), the rate of filtrate flow was virtually unaffected by
pressures above 34.5 kPa.

Adding the cationic polymer produced substantial
improvement in the filterability of WAS. The value of
R0/pa in eqs 1, 24, and 25 for the treated WAS shown in
Figure 8 was approximately one-tenth of the value for
the untreated raw sludge. As indicated by eq 24, the
filtration volume at a given time is approximately
proportional to (pa/R0)0.5. Thus, the improved value of
(R0/pa)would result in about a 3-fold increase in volume
filtered at a given time.

Equation 24 can be applied to the WAS data of Figure
8, provided the filtration takes place under the condition
that the rate depends only on cake thickness and is
independent of the pressure. At the start of filtration
when time equaled zero, there was 0.0062 m3/m2 of
filtrate. A severe test of the theory underlying eq 24
consists of using a single point to predict v versus t over
the entire pressure range of 34.5-206.7 kPa (5-30 psi)
on the basis of a single point. Choosing point A (t ) 1630
s; v ) 0.06 m3/m2) leads to

The squares on Figure 8 represent calculations based
on eq 33. Although based on a single point in the 103.7

q/q(max) ) 1 - 1/(1 + ∆pc/pd)
1/(n-1) ) γ (29)

∆pc ) pa[1/(1 - γ)1/(n-1) - 1] (30)

µqL )
K0pa

δ - 1
[1 - 1/(1 + ∆pc/pa)

δ-1] (31)

qL ) 1.556 × 10-8 (32)

Figure 8. Experimental and calculated values for a waste-
activated sludge treated with a cationic acrylamide copolymer.

v2 - 0.00622 ) (2.185 × 10-6)t (33)

594 Ind. Eng. Chem. Res., Vol. 38, No. 3, 1999



kPa (25 psi) pressure range, there is only a small
difference between the calculated and experimental
values over the entire pressure range. Any experimental
point in any of the six pressure steps could be employed
to predict the entire curve.

Conclusions

The degree of compactibility of filter cakes as reflected
in the values of the coefficients n and δ has a significant
effect on the relationship of applied pressure to flow rate
and percentage of cake solids. When n and δ exceed
unity and cakes become supercompactible, a profound
change in behavior occurs. As the pressure drop in-
creases, a point is reached at which increasing pressure
has a negligible effect on the filtrate flow rate and the
percentage of cake solids. Theoretical and experimental
methods for identification of the region in which in-
creasing pressure loses its effectiveness have been
developed.
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Nomenclature

c1 ) constant defined in eq 21
K ) local permeability, m2

K0 ) unstressed cake permeability, m2

Kav ) average cake permeability, m2

L ) cake thickness, m
n ) compactibility coefficient eq 1
p ) filtration applied pressure, Pa
pa ) empirical constant, eq 1, Pa
pL ) liquid-pressure, Pa
p1 ) value of pL, at x ) 0, Pa
ps ) effective or compressive pressure, Pa
∆pc ) liquid-pressure drop across cake, Pa
q ) superficial velocity of liquid, m3/m2‚s
qA, qB ) values of q on Figure 7, m3/m2‚s
Rm ) medium resistance, m-1

t ) time, s
v ) filtrate volume per unit filter area, m3/m2

x ) distance from medium, m
R ) local specific flow resistance, m-2

Rav ) average specific flow resistance, m-2

R0 ) unstressed cake specific flow resistance, m-2

â ) compactibility coefficient eq 1
γ ) ratio of q to maximum possible q when n > 1
δ ) compactibility coefficient eq 1
εs ) volume fraction of solids (solidosity)
εsav ) average volume fraction of solids in cake
εs0 ) unstressed value of εs
µ ) liquid viscosity, Pa‚s
φs ) volume fraction of solids in slurry
ω ) volume of inert solids per unit filter area between 0

and x, m3/m2

ωc ) total volume per unit filter area of inert solids in cake,
m3/m2
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